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Abstract

In this paper, we generalize a model proposed by Léon Bottou and Patrick Gallinari in
[3]. This model gives a general mathematical description of feedforward neural networks,
for which standard models, such as Multi-Layer Perceptrons or Radial Basis Function based
neural networks, are only particular cases. A generalized back-propagation, which gives an
efficient way to compute the differential of the function computed by the neural network, is in-
troduced and carefully proved. We also introduce an evaluation of the theoretical time needed
to compute the differential with the help of both direct algorithm and back-propagation.
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1 INTRODUCTION

1 Introduction

A huge amount of experimental works has proved that multi-layer perceptrons (MLP) are well
suited for classification tasks, for which the goal is to separate vectorial inputs into several
classes. It is also well known that MLPs are universal approximators (see [I, 5, 7]): given
an arbitrary continuous mapping from a compact set (subset of IR™) into IRP, and an arbitrary
accuracy, there exists a two layer perceptron that approximates the given function with the given
accuracy. Two main problems are the design of such a MLP with a minimum number of neurons,
and the training of a given MLP so as to minimize the approximation error with respect to a given
function. Theoretical results define some methods to answer the first question, but they build
still too huge neural networks. Experimental results seem to prove that the second problem is
more difficult than the classification problem, especially to obtain the best approximation (it is
due to the well known problem of local minima).

The MLP model has been modified in many different ways to simplify both designing and
training processes. In a MLP, a neuron collects outputs from the previous layer, it multiplies
each output by a synaptic weight, it sums the resulting values and then it applies a transfer
function to the sum. The simplest modification idea is to change the transfer function, using a
sinus [1] or a gaussian function [3], for instance, instead of the standard sigmoid function. It is
also possible to modify the preprocessing computation. A vectorial threshold may be applied to
the output of the previous layer before the weighting process ([13]). The distance between the
output of the previous layer and a prototype vector may be computed before using a transfer
function. This idea was developed to use radial basis functions as transfer functions ([9, 10, 11]).
A non linear process (such as a quadratic form, see [12]) may be used instead of the linear
process (i.e. the weighted sum). Some authors have also proposed to use multidimensional
wavelets as neurons (see for instance [11]). This method strongly modifies the neuron structure,
when compared to the standard MLP neuron.

All these models are universal approximators. Choosing the best one is difficult, since there
is no theoretical result to compare their performance. Indeed a particular model might be well
suited for a particular application and unadapted to another one. Despite their differences,
these models share a common principle: they use an acyclic graph of simple units to compute
a complex parametric vectorial function. This general point of view can be translated into a
mathematical model which generalizes the notion of feedforward neural network. This method
was proposed by Léon Bottou and Patrick Gallinari in [3]. Their key idea was to allow the
cooperation of modules of different kinds. In this paper, we extend the proposed model to
describe a general mathematical model for feedforward neural networks. This model is able to
to handle many models, among which all the models derived from the standard MLP model.

Following Bottou and Gallinari, we introduce a generalized back-propagation algorithm
which allows us to compute the gradient of the error made by a neural network in an efficient
way. We extend the algorithm proposed by Bottou and Gallinari to compute the differentials of
the function computed by the neural network too. It allows us to view a neural network itself
as a neuron. Moreover, we give a very precise proof of this back-propagation and therefore we
clarify some imprecise aspects in Bottou and Gallinari’s proofs.

The differentials of the function computed by the neural network can also be computed with
the help of a direct algorithm. In order to compare both methods, we compute the theoretical
amount of operations needed by both algorithms. Our work shows that these amounts can
not be directly compared in the general case. A study of some particular cases shows that the
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2 THE NEURON

back-propagation is not always the best algorithm for arbitrary feedforward neural networks.

2 The neuron

2.1 A formal neuron

Intuitively, a formal neuron is a simple computational unit which transforms an input into
an output. In the MLP model, connection weights are used so as to preprocess the input of
a neuron. The connection weights may be included in the neuron itself, so that the whole
computation (preprocessing and function application) is performed within the neuron. The
connection weights are then called parameters, which modify the relationship between the input
and the output of the neuron. In a more general way, a neuron is described by three vectorial
spaces and a function. The vectorial spaces are the input space (to which the input vector
belongs), the parameter space (the parameter vector generalizes the notion of connection weights)
and the output space. The function describes the relationship between the output of the neuron
and its input and parameter vectors. More formally:

Definition 1 Let I, W and O be three vectorial spaces on IR of finite dimensions.

A neuron s a function from I x W into O.

A differentiable neuron is a differentiable function from I x W into O. If N is such a
function, then dN; is the partial differential of N with respect to its first input (its second input
is considered to be constant) and dN,, is the partial differential of N with respect to its second
input (constant first input).

In this definition, I is the input space of the neuron and W is its parameter space (or the
weight space to be close to the standard MLP model). The following example describes a standard
MLP neuron with respect to the previous definition:

Example 1 Let (wj)j—1.n be the connection weights of a MLP neuron and let t be its threshold.
If the output of the previous layer of the neural network (possibly the input of the neural network)
is (2j)j=1.n then the output of the neuron is f(3°7_ wjw; +1t), where f is the transfer function
of the neuron. Let I, W and O be respectively IR™, IR"*" and IR. Let N be the function from
I x W to O defined by:

n
N((ila"'7in)7(p17"'7pn+1)):f ijzj +pn+1
7=1

If p=(w1,...,wp,t) and i = (x1,...,iy), then N(i,p) is exactly the oultput of the MLP neuron.
This neuron is therefore a mathematical description of the standard MLP neuron.
2.2 Multiple inputs

Since the input vector of a neuron belongs to an arbitrary vectorial space, any number of real
inputs can be handled. But as the output of several neurons will be connected to the input of
one neuron, it is useful to describe multiple input neurons:

Definition 2 Let n be a positive integer and let Iy,...,1,, W and O be vectorial spaces on IR
of finite dimensions.
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3 GRAPH

A (differentiable) n-input neuron is a (differentiable) function from Iy x ... x I, x W
into O.

If N is a differentiable n-input neuron, dN;; s the partial differential of N with respect to
its j-th input, considering all other inputs and the parameter to be constant.

Spaces of same dimension are isomorphic. For instance, IRPT4 ~ IRP x IRY. The vector
(a,b,c,d) is in IR*, or in IR x IR3 if it is written as ((a), (b,c,d)), or in IR? x IR? if it is written
as ((a,b), (c,d)). In our model, we will always write IR* for the vectorial spaces, and we will
always identify spaces of same dimension with the help of this standard isomorphism. Therefore,
a n-input neuron is only a convenient way to describe a 1-input neuron.

The following example describes the standard MLP neuron with respect to this second defi-
nition:

Example 2 We use here the same notations as in example 1.
Let W and O be respectively IR"*1 and IR. Let I; = IR for j in {1,...,n}. Let N be the
function from I; X Iy x I, x W into O defined by:

n
N(ila cee 7in7 (p17' .. 7pn+1)) - f (ijzj +pn+1)

=1

If p= (wy,...,wn,t) and iy = (z1), i2 = (z2),...,i, = (z,), then N(i,p) is exactly the output
of the MLP neuron. This neuron is therefore a mathematical description of the standard MLP
neuron.

This example shows that the model is very flexible and allows several descriptions of a single
object.

3 Graph

The easiest way to describe arbitrary feedforward neural networks is to use graphs. This section
gives an introduction to this notion.

3.1 A simple oriented graph

Intuitively, a graph is a set of nodes with connections between them. We choose the following
mathematical definitions:

Definition 3 An oriented graph G is a pair (N, &) of sets which fulfils the following conditions:
e N is a finite set of nodes ;

o & is a subset of N, and e = (z,y) € £ is an edge of the graph if there is a connection
from z to y.

Definition 4 Let G = (N, E) be an oriented graph and let n € N be a node of G.

1. Pred(n) ={p e N| (\/, \) € £} is the set of the nodes that have a connection to n. These

nodes are the predecessors of n.
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3 GRAPH

2. Suce(n) ={p e N | (\, ) €&} is the set of the nodes that receive a connection from n.

These nodes are the successors of n.

It is obvious that the architecture of a standard neural network such as the MLP can be
described thanks to the notion of oriented graph. Each neuron is a node of the graph.

Any feedforward structure can be implemented thanks to a non-cyclic graph. The inputs of
a neuron (as defined in section 2) are the outputs of its predecessors.

A problem is to put an order on the inputs. For instance, let a be a neuron which predecessor
set is Pred(a) = {b,c}. Let us assume that a is a 2-input neuron and let b’ and ¢’ be respectively
the output of neurons b and c. If p is a parameter vector for a, the output of a might be a(b’, ¢, p)
as well as a(c/,V/,p). In order to decide which node is connected to which input of another node,
information must be added to the standard oriented graph model. This is the subject of the
following subsection.

3.2 Ordered oriented graph

Definition 5 An ordered oriented graph G is a triple (N, E, <), which fulfils the following con-
ditions:

e N is a finite totally ordered set of nodes. It may be considered as a sequence of nodes
NY N2, ...

o & is a subset of N, and e = (x,y) € £ is an edge of the graph if there is a connection
from z to y ;

o < is a function from N into P(N'). It associates to each node N* in N a total order <
on its predecessor set, Pred(N'). This set is therefore a sequence and it can be referred to
Pred(NY), for its k-th element.

3.3 Some notations

In order to simplify the remainder of the paper, some notations and some general assumptions
must be introduced:

e G =(N,E <) is an ordered graph with exactly n nodes,

e N' ... N"is the sequence of the graph nodes,

e P(N*) = P(k) is the set of the predecessors of N*,
e S(N*) = S(k) is the set of the successors of N*,
e Node N* has exactly p* predecessors and s* successors,

e P(k)1,...,P(k), is the sequence of the predecessors of N*,

p

e S(k)1,...,S(k)a is the sequence of the successors of N*.

In general, superscripts correspond to node indices and subscripts correspond to input or output
indices. It may be noted that the ordering of the successor sets are arbitrary.
The notion of predecessor may be generalized for an arbitrary node N:
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4 A GENERAL NEURAL NETWORK

o P)(N)={N};
o P¥(N)={M e N |3Q e PlI=®(N) so that (M, Q) € £} (i.e. P1(N) = P(N));

e PH(N) = | PHY)
k=1

e P*(N)= P°(N)uU P*(N).

Similar sets can be defined in order to generalize the notion of successor.

o SU(N) = {N};
o SK(N)={M e N |3Q € SI=*°(N) so that (Q, M) € £} ;

e ST(N) = [j SK(N) ;

o S*(N) = S°(N)US*(N).

4 A general neural network

4.1

The model

The main idea has been presented at the end of subsection 3.1. Let us now give a mathematical
definition:

Definition 6 A feedforward neural network is an ordered oriented graph G = (N, &, <)
which fulfils the following conditions:

1.
2.

The graph has no cycle.

The elements of N are k-input neurons (k depends on the neuron). The output space
of N* is OF and its parameter space is WF.

If p¥ > 0 then neuron N* is a p*-input neuron (it means that if a neuron has got predeces-
sors, it has exactly one input for each of its predecessors in the graph). The input spaces
of N¥ are I{“,...,I;fk.

If pF = 0 then neuron N¥ is a 1-input neuron with input space I*.

If p* > 0 then the following condition holds for each input i of the neuwron N*: dim If =
dim OP(*):.

These conditions can be expressed from an intuitive point of view:

1.
2.
3.

The first condition avoids recurrent architectures.
The second condition gives the neural aspect to the neural network.

The third condition introduces a binding between the inputs of a neuron and its prede-
cessors in the graph. Of course the outputs of its predecessors are used as its inputs to
compute its output.
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5 COMPUTING WITH THE MODEL

4. The fourth condition is a simple convention. If a neuron has no predecessor, it is connected
to the outside. We assume here a single input (of course, this input is a vector, and therefore
this assumption does not introduce any restriction).

5. The fifth condition is a technical one and allows to use the output of the i-th predecessor
of the neuron N¥ as its i-th input.

In the remainder of the paper, we will identify each neuron with its rank in the node set. For
instance, let us assume that P(N3) = {N% N'} ie., P(3); = P(N3); = N? and P(3); = N..
To study the output space of the first predecessor of N3, we should write O%. But from a strict
mathematical point of view, OFP*) has no meaning in the general case. Therefore a function
rank from N into {1,...,n} must be defined. This function gives the rank of a node in N.
Nevertheless, writing Orank(P(k)1) ig rather cumbersome, so that we will omit the rank function
in the remainder of the paper.

4.2 Additional definitions
Let G = (N, &,<) be a feedforward neural network.

e In is the subset of N' which elements have no predecessor, i.e., In = {N € N |
P(N) = 0}. In has in elements. It is a totally ordered set (order induced by the order
on N) and Inq,...,In;, is the ordered sequence of its elements. The elements of In are
connected to the “outside” by means of their inputs.

e Out is the subset of N/ which elements have no successor, i.e., Out = {N € N |
S(N) = 0}. Out has out elements and is totally ordered. Outy,...,Outyy is the ordered
sequence of its elements. The elements of Out are connected to the “outside” by means of
their outputs.

e The vectorial space I = H}Z;l Ik is the input space of the neural network. I is the
product of the input spaces of the neurons that belong to In.

e The vectorial space O = qu:tl 0% is the output space of the neural network. O is
the product of the output spaces of the neurons that belong to Out.

e The vectorial space W = []}_; Wk is the parameter space of the neural network. W is
the product of the parameter spaces of the network neurons.

Thanks to these vectorial spaces, a neural network may be considered as a neuron. The following
section explains how to define the function computed by the neural network.

5 Computing with the model

Let G = (N, &,<) be a feedforward neural network. Let z = (x1,...,2;,) be a vector of the
input space I of the neural network, and let w = (w', ..., w™) be a vector of the parameter space
W of the neural network. To define the output G(z,w) of the neural network for the input x
and the parameter w, an output is computed recursively for each neuron in the neural network.

The output of N* is called o*.

NeuroCOLT Technical Report NC-TR-95-041 (May 1995) 9



5 COMPUTING WITH THE MODEL

5.1 Intuitive point of view

1. Let N! be an input node, i.e., N* € In. Then N' may be written N! = In;, as the k-th
element of In. The output of N is then defined as o' = N'(zy,w'). The input neurons
receive their inputs from the outside.

2. Let N' be a non-input neuron and let us assume that the output of each predecessor of N
has been computed. Then the output of N is defined by o' = Nl(op(l)1 LoDz of Dpt ,wh).
The “inside” neurons receive their inputs from their predecessors.

3. Let us now assume that the output of every neuron in the network has been computed.
The output of the neural network is G(z,w) = (0%, ..., 00uut). The output of the
neural network is obtained thanks to the outputs of the output neurons.

5.2 Mathematical point of view

To prove that the computation method that has been presented in the previous subsection is
correct, a computation order must be found to ensure that the condition of point 2 is fulfilled
at each step of the algorithm. This order is defined with the help of the notion of layer.

Property 1 Let G = (N, &, <) be a feedforward neural network. There exists an unique positive
integer [(G) and an unique partition of the node set N defined by the | subsets L', ... , L9 which
satisfy the following conditions:

1. L' =1In;
2. Vk>1, LF = {N eN|PW)C Uf';;f £ and IN' € PN, N € Eu—oo},

The L' are the layers of the neural network and 1(G) is the number of layers of the neural
network.

Proof: Properties 1 and 2 allow a recursive definition of the partition. Let us show that this definition
is valid:

o L' is defined. In order to have a partition, the condition L' # () must be fulfilled. The graph
is not cyclic, which implies In # () (If any neuron has got predecessors, an infinite sequence
N#, Nt ... can be built so that for all j, N% is a predecessor of Ny, . Since N is finite, this
sequence contains a cycle.).

o Let us now assume that k > 1 and that L', ..., L* have been defined so that:
1. Vi<k, I'CN ;
2.Vi<k Vi<k, (i#j) = L'NLi=0;
3.Vi<k i>1 = Li= {N €N |PW) cUZZ £l and P(V) mﬁ-oo}.
4. Vi<k, L'#0 ;
Let now LE! be {N eN|PW)c UL, £ and PN)N LI }
1. Of course L**' c N ;
2. If j <k and N' € L7, then P(I) N L¥ = (). Therefore Vj < k, L’ N L1 =),
3. By definition, Vi < k+1,i>1 = L' = {N EN|PWN)C Uf;jjj Ll and P(N) mc>—°°}.
4. (a) If L**1 #£ (), the second hypothesis is satisfied.
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6 COMPUTING THE DIFFERENTIALS

(b) If LF*' =@ and if R = N — U‘”:OO L satisfies R # (), let us build a sequence of distinct
nodes P € R such that r?*! € P(rP). Let first r° be in R. Let us assume that the
sequence is built from 0 to p. Asr? & L', P(rP) # (. If for all € P(rP), r ¢ R, then
P(rP) C U?Zl L7, which implies rP € L9 for a particular ¢ with 1 < q < k. This is
inconsistent with r? € R. Therefore there exists rP™ € P(r?) N R.

Since the graph is not cyclic and since N is finite, the sequence {rP} can not exist.
Therefore, if L**1 = (), then N = U|H:oo cl.

Vj <k, L7 # 0 implies |U?:1 L7 > k. As N is finite, there exists a particular k, such

that L**' = (). Therefore, this recursive building is finite. Then L', ..., L* is the required

partition and I(G) = ||.

The obtained partition is unique because of condition 2. m

Intuitively, the first layer consists of the input neurons. The second layer consists of the neurons
which are not in the first layer and which have all their predecessors in the first layer. Any other
layer consists of the neurons which are not in the previous layers and which have at least one
predecessor in the preceding layer.

With the help of the order defined by the layers, it is now obvious that the intuitive definition
of the output of the neural network is correct as long as the neuron outputs are computed in a
feedforward way with respect to the layers.

Let us now give a formal definition of o(z, w).

Definition 7 Let G = (N, &, <) be a feedforward neural network. Let x = (x1,...,24) € I be
an input vector and let w = (w',... ,w™) € W be a parameter vector. For eachl, 1 <1 < n,
ol (z,w) is defined with the help of the following stepwise construction:

1 For N' € L' = In, N' = Iny. Then o' (z,w) = N'(zp,w') ;

2 For N' € 12, o'(z,w) = N' (oD (z,w),... ,of Wyt (z,w),w'). This definition is correct,
since N' € L? = P(I) C L' and therefore every oPWr(z,w) has already been defined ;

k For N' € LF, o'(z,w) = Nl(oP(l)l(ac,w),...,op(l)ﬂl (z,w),w'). This definition is correct,
since N' € LF = P(l) C Uf;ll L7 and therefore every o Ok (z,w) has already been
defined ;

Finally, G(x,w) is obtained by G(x,w) = (09" (z,w), ..., 0% ut (2, w))

This definition allows to consider a neural network itself as a neuron.

6 Computing the differentials

If we use differentiable neurons, the function (neuron) computed by the neural network is also
differentiable, since it is a composite function. The main problem is to compute efficiently the
differentials of this function. In this section, we introduce the direct algorithm which is simply
the application of the chain rule. In the following sections, we always assume that the neurons
are differentiable.

NeuroCOLT Technical Report NC-TR-95-041 (May 1995) 11



6 COMPUTING THE DIFFERENTIALS

6.1 Simple property

As explained before, the output of a neuron in the neural network is considered as a function of
x and w, ol(x,w). But o' does not depend on parameters or inputs coming from nodes which
do not belong to P*(I). More formally:

Property 2 Let G = (N, &, <) be a feedforward neural network. Let N' be a neuron of G. Then
for an arbitrary input vector x and for an arbitrary parameter vector w:

VYN* ¢ P*(l) 00 (z,w) =0 (1)
TowkT
and,
k k * 9o
VN® =1In; € In, N* ¢ P*(l) = +—(z,w)=0 (2)

axj
Proof: For the input nodes, the property is obviously satisfied. Let us assume it is satisfied for the
nodes that belong to layer LY with q < p, and let N' be a node of layer LPT!.
If the chain rule is applied to the definition of o'(z,w), the following formula is obtained (as k # 1)

DoP Wi

“ur ()

60l 2l 1 P

- = (OF P(1) 1 l
(2, w) = g dN;, (o (x,w),...,0" "o (z,w),w

ow = ( )

Nk ¢ P*(l) = VN € P(l), N¥ ¢ P*(N). Since N € P(l) = N ¢ Uf;:1 L%, each N € P(l) satisfies
the property, and the required conclusion is obtained.

A similar proof can be used for the second property. m

6.2 Direct method

Theorem 1 Let G = (N, &, <) be a feedforward neural network. Let N' be an arbitrary node.
Let x and w be arbitrary input and parameter vectors. Then:

o if N\ = Iny:
—ifj A ks .
5%umo—o (3)
—ifj AL .
(@ w) =0 (4)
— and:
l
() = AN w) (5)
!
00 @) = AN (i) (0
o if N\ & In:
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7 BACK-PROPAGATION

— forallj, 1 <7 <in:
f J J

o9 o P, 1) 90"k
Bj Zd ( xw),...,o P(x,w),w) oz, (x,w) (7)
—ifjFL
8 l aop(l)k
Bu? Zle (P00 (0, 0) B ) (8)
— and: l
00 ) = AN (g, ) Q

Proof: This is a direct application of the chain rule for composite functions. m

7 Back-propagation
7.1 “Free” neural networks

The global point of view is to consider the output of a neuron in the neural network as a function
o'(z,w) of the input and parameter of the neural network.The local point of view considers a
local computation, based on local information:

ol(ac,w) = NZ(OP(Z)l(x,w),OP(Z)Q(m,w),. oF 0y oz, w), wl)

This local functional link is used in the direct algorithm to compute the global differential.

Let us describe now the notion of free network. In such a network a neuron is “removed”.
Indeed a variable is added to the function computed by the neural network and this variable
stands for the output of one neuron (the removed neuron) in the network. To set “free” the
network with respect to the neuron N¥, a new variable f* is introduced. It replaces the output
oF of N* in the definition of the output of the other neurons. New functions o' ~*(z, w, f*) are
thus obtained. Let us give a formal definition of o!~*.

Definition 8 Let G = (N, &, <) be a feedforward neural network. Let x = (x1,...,x;y,) € I be
an input vector and let w = (w',... ,w™) € W be a parameter vector. Let N* be an arbitrary
node. We define o*=F(x,w, f¥) = f*. For each 1,1 <1< n, andl # k, o'=*(z,w, f¥) is defined
with the help of the following stepwise construction:

1 If N € L' = In, then N' = In, and we define o' ~*(z,w, f*¥) = Ni(z,,w') ;

2 If N' € L2, then o'~k (z,w, f*¥) = N (oPWr—k(z w, f¥),. .. ,oP(l)Pl_’k(x,w,fk),wl). This
definition is correct, since N' € L? implies P(1) C L', so that each of Wx=*(z w, f*) has
already been defined ;

p If N' € LP, then o'~ (x,w, f*) = N ("1 =k (2, w fk) ot D=k (g, #%) wl). This
definition is correct, since N* € LP implies P(l) C Up_1 L7, so that each oP(l)’f—’k(ac,w, "
has already been defined ;
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7 BACK-PROPAGATION

Finally, let G*(x,w, f*) be (0O =% (z,w, f¥),..., 0% euwt=k (g w, fF)).

This definition is close to the definition of G. The main difference is that the recursive definition
is not used so as to compute o*~F,
Let us first state an important (though intuitive) property:

Property 3 Let G = (N,&,<) be a feedforward neural network. Let N* be a network node.
The following conditions hold for an arbitrary input vector x, an arbitrary parameter vector w,
and an arbitrary free output vector f*:

Vi#k ok (w,w,ok(x,w)) = ol(x,w) (10)
VN' & S*(k) ol —k (w,w,fk) = ol(z,w) (11)

Proof: The first equality is an obvious consequence of definition 8. The second equality can be
obtained thanks to a recursive proof with respect to the layer of node N'. The key idea is that if
N' ¢ S*(k) then for each N € P(l), N ¢ S*(k). Since the building of the recursion is similar to
previous proofs, we omit here its details. m

When computing the derivative of:
oM, w, oF (a, w)) = o (x, w), (12)

the following formula is obtained:

o l o 1—k B l—k o k
S () = e (o w, 0 (2, w)) + T (w0, 08 (o w)) o () (13)
agl;kk is a simplified notation for the partial differential of 0'~* with respect to the variable f*

(i.e., the free neuron).
An important result can be proved to simplify the previous formula:

Property 4 Let G = (N, &, <) be a feedforward neural network. Let N' and N* be two arbitrary
nodes. Let x, w and f* be arbitrary input, parameter and free output vectors. Then:

aol—>k
Dk (z,w, fk) = Oy o1 (14)

where 04 p s the zero function from space A into space B.
Intuitively, this equation implies that the output of the network depends on a parameter vector
wF only through the output of the corresponding neuron N*.

k I—k

Proof: This result is obvious as w” never appears in the recursive definition of 0'~", see definition 8.

More formally, we can prove it thanks to a recursion, similarly to property 2. m
An important consequence is the following theorem:

Theorem 2 Let G = (N, &, <) be a feedforward neural network. Let N' and N* be two arbitrary
nodes. Let x and w be arbitrary input and parameter vectors. Then:
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7 BACK-PROPAGATION

o if N¥ ¢ In:
Dot 90—k . 5ok
otk

- W (ij,Ok(xjw)) qu]Z (Op(k)l(x’w)7 ce 70P(k)pk (xyw);wk) (15)

i lf Nk == ITLZ

Ao 9ol —F . 5ok
aol—>k

= o (w,w,ok(m,w)) dNF (mi’wk) (16)

Proof: In each case, the first equality is a direct application of property 4 to equation 13, and the
second equality is an application of the chain rule to the definition of o', taking property 2 into
account for the first case. m

Similarly for the differentials with respect to the inputs of the neural network:

Property 5 Let G = (N, &, <) be a feedforward neural network. For each input node N* = In;,
for each node N and for arbitrary input, parameter and local output vectors, x, w and f*, the

following formula holds:
aol—>k

axj
Intuitively, it implies that the outputs of the nodes depend on an input vector x; only through
the output of the corresponding neuron N* = In;.

(z,w, f*) =0 (17)

Proof: This result is obvious as x; never appears in the recursive definition of o'™F see definition 8.

More formally, we can prove it by recurrence, with the same method as for property 2. m
And therefore:

Theorem 3 Let G = (N, &, <) be a feedforward neural network. For each input node N* = In;,
for each node N* and for arbitrary input and parameter vectors x and w, the following formula
holds:

90" Do~k do"
%(%w) = o (x,wjok(%w)) %(%w) (18)
j j
aol—>k
= 5 (x,w,ok(x,w)) dNF (xj,wk) (19)
0

Summary:

To compute the differentials of the neural network function, we want to compute the differentials
of o'~* with respect to its third variable, i.e., ag;»k = % The aim of the following section
is to show how these differentials can be computed in a back-propagated recursive way.
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7 BACK-PROPAGATION

7.2 Additional notations

To obtain the rank of a node N* in the predecessor list of its successor N, the following definition
introduces a new function.

Definition 9 Let G = (N, &, <) be an ordered oriented graph. Let N* be a node of G and N'
be a successor of this node. We call 7(k,1) the rank of N* in the predecessor set of N'.

The next definition generalizes the output of the neural network:

Definition 10 Let G = (N, &, <) be a feedforward neural network. O is by definition the output
space of the network and is equal to the product of the output spaces of output nodes. Let S be
the product of the output spaces of all nodes of the network, i.e., S = [[I.; O'. We define:

e the output function, S(x,w) from I x P into S, with:

S(z,w) = (ol(ac, w), 0 (x,w),...,o"(z, w)) (20)

o the “free” output function, for an arbitrary node N, S'(z,w, f!), from I x P x O' into S,
with:
St (CE,’LU,fl) = (01_’l (m,w,fl) Y (x,w,fl)) , (21)

which implies S' (:U,w,ol(ac,w)) = S(z,w).

Léon Bottou and Patrick Gallinari used in [3] a lagrangian formalism to prove a restricted version
of the extended back-propagation. This method gives a short proof which is unfortunately quite
incomplete in the paper and in Léon Bottou’s thesis ([2]). We will use the same method, but we
intend to establish a rigorous proof. We need now to introduce a scalar notation:

Let G = (N, &, <) be a feedforward neural network. We call n! the dimension of the vectorial
space O! (i.e., the output space of neuron N l). For an arbitrary input vector x and for an

arbitrary parameter vector w, oé» (x,w) is the j-th coordinate of the vectorial output of node N'.

ol(ac, w) = (oll (x,w), ol2(m, w), ... ’Oill (z, w))

e Let N! be an inner node. Then:
P(l P(l Pk P,k
oz, w) = N ((01 ( h(m,w), . ’Onl(%)l;l (w,w)) e <01 Pz, w),. .. ,onP(l’)’pk (m,w)) ,wk)

Let NV ]l be the j-th coordinate function. This function depends on many real inputs. The
following slightly incorrect notation will be used:

!
ON;

k b
0o}

for the partial differential of N Jl with respect to the i-th coordinate of the k-th input vector
of Nt.
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7 BACK-PROPAGATION

e Let N! = In; be an input neuron. In(l) = i is the rank of N! as an element of In, so
that Inp,q) = N'. Let x be an input vector, with x = (x1,..., ). Let x), be the I-th
coordinate of ;. Moreover, let in; be the dimension of 11" the input space of node In;.
Then:

ol (xz,w) = N ((xi,l, e Tiing) ,wl)

The partial differential of N ]l with respect to the k-th coordinate of it’s input vector will
be written:

ON
axi,k ’

7.3 The main result

Theorem 4

Let G = (N,E,<) be a feedforward neural network. Let x be an arbitrary input
vector. Let w be an arbitrary parameter vector and let N' and N* be arbitrary
nodes. Then:
o If Nk = N:
o l—k
% (w,w,ok(x,w)) = Idok (22)
o If N* ¢ P*(N):
aol—>k A
Dok (ﬂ:,w,o (w,w)) = Opk ot (23)
o If Nk € PT(NY):
aol—>k
Do (x,w,ok(m,w)) = (24)
Hol—J A . , N A
J P P() J
Z 507 (:U, w, o (z, w)) dNZr(k,j) (o (z,w),...,0 VP (z,w),w )
NieS(k)

Proof: The first equation is really obvious, as o*~F(x,w, f¥) = f*. The second equation is also
obvious, as a consequence of property 3. Let us now study the third case in which N* is a non output
node.

In order to prove this result, we will use a lagrangian method, following Léon Bottou and Patrick
Gallinari ([3]). Let T and A be two vectors in S (the generalized output space of the neural network).
As elements of this space, they are in fact “vector of vectors”. Therefore, we can consider 7% which
belongs to O*. Let then T]’-“ be the j-th coordinate of T*.

Let us now introduce the lagrangian function L! relating to the node N'. This is a function from
I xW xS xS into IR, defined by:

,nk
Li(z,w,m,\) =7 — S SN (- NE (W0 )
keP*(l), kgIn j=1

nk

— > D N = NS (e, wh))

ke P*()NIn j=1
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7 BACK-PROPAGATION

There are n! lagrangian functions for each node N', one for each dimension of O'. The first part of
the lagrangian (i.e., 7!) is the studied function and the second part (i.e., T]’-“ — Njk( ..)) corresponds to

the constraints for the variables. Obviously, if 7\ = o!(z,w) (i.e., if T = S(z,w)), then the constraints
are equal to zero. The reciprocal is also true because the constraints exactly correspond to the

propagation formulae. If the constraints are satisfied (equal to zero), then:
VA, Lt (x,w,7,\) = ok(x,w)
Since the constraints are equivalent to T = S(z,w):
VA, L (z,w, S(z,w),\) = o (z,w)

Computing the differential of this equation with respect to wf (the j-th coordinate of the k-th
parameter vector) leads to:
oLt oL

ol : oS
a—u}f(‘r’w) = awf ((E w, S(Q? ’LU) )‘) o (ZC,’LU,S(QT,’LU),)\) a—wéc(‘r7w)

Vo, w, A,

The first term of the sum is:

o ifkeP(l), k¢ In

nk
g (x,w, T, \) Z )\k aNk (Tp(k)l, o ,Tp(k)p’“,wk)

o ifke P*(I)NIn
aLl o
Z xIn(k)v k)

8wk

J p=1

l
Let us now study %LTi.

If k & P*(1), then:
i

ak

because 7% does not appear in the definition of L.

(x,w, T, \) =

If k € P*(1), different cases can occur:

e Ifk =1, then:

— If j # 4, then:
l

or l

! (z,w 'r)\)f—/\g,

because le» does not appear as input of a neuron (i.e., in the right part of the constraints),

since if there was some k € P*(l) such that P(k), = N', then the graph would be cyclic.
— If j =1, then:
l

al(mwr)\)—l—)\l

o Ifk # 1, then:

oL
B L(ww, T, A) = —AF + Z Z e (TP(qh, . rP@pe wq)
j .

q€S(k)NP* (1) p=1
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7 BACK-PROPAGATION

Let us now define C!(w,T), an element of S:

o Ifk & P*(l), then for all j:
Clw, 7)¥ =0

j =
o if k=1, then for all j:
CHw, )} = 0y

j
e ifk € P*(l), then for all j:

o ON1
Cf(w,r)f = Z ZCf(w,T)ga T(]:q) (TP(Q)l,. .. ,TP(Q)pq,wQ)
qeS(k)nP*(l) p=1 9;

It is clear that this definition allows to build an element of S, provided that it is applied backward
from the last layer to the first layer of the neural network.

The definition of Ct(w, T) implies that:

l
! (a7, Cl(w, 7)) = 0

or
Therefore: l l
(2 = Gk (0. 5(0,0), Ol S(aw)
that is:
o ifk ¢ In:
aoli - 1 k ONy k)1 Pk k
W(x,w) :;Ci(w,S(x,w))pa—wg (o7 (,w), .., 0" (, w), wh)
o ifkeln
k
dol - ONF
owF (:L', w) = Z Czl (wa S(:L’, w))]; owk (xln(k)v w )
J p=1 J

These formulae are very close to equations 15 and 16 of theorem 2. Indeed equation 15 (for instance)
can be written with scalar notations:

aOl 77/ aOlHk ON, Pk
L (z,w) = - (z,w, 0" (z,w)) —£ 0PN (g, w), ... 0P Wk (2, w), wF
owk = Dok wk ( )

The case k € In leads to a similar comparison.

Then, the following lemma is introduced:

Lemma 4.1

dol—k
Vi, Lok, Ci(w, S(z,w))y = =5 (2, w, 0" (2, w))
p

The proof of this lemma will be given at the end of the main proof.
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7 BACK-PROPAGATION

If k € P*(l), the definition of C}(w, S(x, w));C and lemma 4.1 imply that:

aolz‘_’k k
80? (x,w,o (x,w)) =
2 9ol ONY
> Y T ot ew) gt (o7 @ w), . 0" () )
ges(onp=1y =1 2P do;

In order to return to vectorial notations, let us recall that:

dol=k <80é_’k Dotk )
- )

do* dok 7T Aok,
and
ON?
80;
ONY oNg
— 60;.
do%; o ’
ON?,
80;
Therefore:
n! g l—q q
90; x,w, o0l (x,w % oD (2, w), ..., 0o D (2, w),w),
0ol r(k,q)
=1 i o
is exactly the scalar product:
dol 1 ON?

(2, w, 0, w)) (7@ (2, w), ..., (w,0), )

Hol aor(k,Q)

J

which is the term (i,j) of the matrix:

dol—a ON1?

ot (x,w, 0% (x,w)) S0 (hd) (OP(‘J)l(Jc,w), .., of (@ (m,w),wq)

It leads to:

ol —F dol—a ON1

o (w,w,ok(m,w)) = Z ot (z,w, 0 (z,w)) S0 ) (op(q)l(ac,w), v, 0 (@pa (Jc,w),wq)

geS(k)NP*(1)
If g & P*(l):
Dol
Dot (x,w,79) =0,

therefore:

ol =k Dol ON1

wrn (x,w,ok(m,w)) = Dot (x,w, 0% (x,w)) o (e (op(q)l(x,w), ..., of (@ (m,w),wq) ,

q€S(k)

which is exactly equation 24. m
Proof of lemma 4.1: A new lagrangian function is introduced (for N* € P*(l)):

M @w N = =Y SN (N (P P )
qeP* (1), q¢In, q#k j=1

- > 2N N @i w))

geP*(I)NIn, q#k j=1
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7 BACK-PROPAGATION

Its constraints are fulfilled if and only if:
Vg, 79 = 07F (.T,’LU,Tk) ,

and therefore:
M7 (z,w,m,\) = ol ™k (:L', w, Tk)
For arbitrary values of 7%, z, w and ), it implies that:
Milak (x,w,Sk (:L',U),Tk) ,)\) = oliﬁk (:L',U),Tk)
Therefore, for any =, w, ™ and \:
dol—k

OMI—F oSk

DoF (z,w,7") = o (z,w, 8 (:c,w,T),)\)W(x,w,T)
Furthermore, for ¢ # k and q & P(k):
oM—* oL
Ord (z,w,T,\) = e (x,w, T, \)
Therefore: -
oM;~
a’]z'q (‘/I"7w77-70£(w77')) =0
On the other hand:
M~k e ONY
aa;k (,w,r )= > Y M L (TP@I’ o JP(q),,q’wq)
J q€S(k)NP*(l) p=1 aoj

The definition of C!(w, ) means therefore that:

aMl—Jc

(z,w,7,Ci(w, 7)) = CH(w, 7)]

Finally, we have:

oSk do'—F o>k do™—k
W (.’L',’LU,Tk) = (W (.’L',’LU,Tk) 5 W (ZC,’UJ,Tk) yeeey W (.’I],w,Tk))
Therefore:
l—k n I—k q—k
ag;k (:L',U),Tk) = (9]\64;1 (z,w, Sk (:L',U),Tk) ,)\) 827 (:L',U),Tk)
q=1

As the network is not cyclic, ¢ € P(k) implies k ¢ P*(q), and therefore B%Z:k (z,w,Tk) =0.
Moreover, if ¢ # k and q & P(k), oM, " (:c, w, 7, Cl(w, T)) = 0, therefore:

ore
|—k l—k k—k
ag;k (z,w,Tk) = a]g;_k (:E,w,Sk(z,w,Tk),Cf(w,Sk(x,w,'rk))) 827 (:L',U),Tk) ,
ie.,
o=k
81 - (ac, w, Tk) = (Cf(w7 Sk(:n, w, Tk))]f, Cf(w7 Sk(:zz, w, Tk))é“, e Cf(w7 Sk(:zz, w, Tk))Zk)
)
Therefore, we have:
Cl(w, S*(z,w, 7))k = 9oi* (z,w Tk)
1 ) ) ) j 60-];; ) ? )
which implies:
o=k
Czl(wvs(wi))f = az % (-Tzwzok(wi))
o~

J
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7 BACK-PROPAGATION

7.4 QOutput functions

Computing the differential of a neural network function is often useful to train this network
to perform a given task. A supervised learning method aims at decreasing an error, which is
indeed a distance between a desired output and the actual output of the neural network. The
error computation is modelled by an output function F' which maps the vectorial output of the
neural network to another output (the most common case is a real output). The aim of this
section is to prove how the extended back-propagation algorithm can be changed to handle such
an output function (let us note that the direct method is not modified by an output function).

Theorem 5 Let G = (N,E,<) be a differentiable feedforward neural network. Let F be a
differentiable vectorial function of vectorial variables and let S',...,S°% be its input spaces,
with S* ~ 09" A composite function Fg(z,w) can be defined as:

Fo(z,w) = F (09" (z,w), ..., 0" (2, w)) (25)
F' is an output function for the network. Let Fé(m, w, fF) be defined in a similar way as G* (i.e.,

with a “free” output for node N*).
If dF;, stands for the partial differential of F' with respect to its k-th variable, then:

k
gii(x, w) = %Fg (m, w, ok(ac, w)) def) <0P(k)1(ac, w), ... ,op(k)Pk (x,w), wk) (26)
w 0
k
%—Zf(m,w) = % (m,w,ok(ac,w)) d]\/'i]C (xj,wk) , for NF = In; an input node, (27)

with,
e for N¥ = Out;, an output node:

OFk

ok (x,w, ok(ac,w)) = dF;. (oow1 (z,w),...,0 0uout (m,w)) , (28)

]

e for N¥ ¢ Out:

OFf,
58 (ww, o (@, w)) = (29)
J , , : , ,
% (x, w, o’ (z, w)) dNijr(k,j) (oP(])l (z,w),... ,oF Ui (z,w), w])
NieS(k)

Proof: F may be considered as a neuron without any parameter. Let N™t! be this neuron. It
allows to define an extended neural network H = (Q,F, <), where @ = N U{N\t*} and F =
gV {(OI_II_IH ,N\J“’o) | 0Ny € OI_II_I}. As no connection is added among the old nodes, Vk < n, <pg
(N*¥) =< (N*). For the new node, P(N"*');, = Outy. The input space of N"*! is Q91 x
... x O9%out  its parameter space is {0}, and its output space is OF. It computes the function F.
Therefore, we have H(z,w) = Fg(z,w).

We add a H subscript to values computed by H, and a G subscript to values computed by G. It is
obvious that:
VI < n, ol (2, w) = o (w, w),
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7 BACK-PROPAGATION

and:
VI <n and Vk < n, o % (z,w) = o5 (x, w)

Therefore:
Vk < n, Fg (ac,w, fk) = o?jlﬁk (x,w, fk)

Theorem 2 can be applied to H. For N¥ # N7+1:

n+1 n+l1—k
oy T, W) = &)Hi z,w, 0% (x,w)) dNF ot (k) T, W ,...,OPH(l)pk z,w), w"
Owk owk a w\"H "

This formula is exactly equation 26 because o'y (z,w) = Fg(x,w).

Theorem 3 implies for N* = In;:

aon-i—l 80n+1—>k
H (x,w) _ H -
895]- (90

(x, w, 0’}{(30, w)) dNik (acj, wk)

This formula is exactly equation 27.
Finally, the back-propagation theorem may be applied to 'H.
Since Py (N™1) = N, the following formula holds for N* # N™+1:

60n+1—>k
# (SC, w, Ol;{(za ’UJ)) =

n+l—j
Z M (w,w,oﬂ(m,w)) dN?

( Pu ()1 Pr(7) 5
. oI 7(k.3)
NI ESH(]C)

oy (x,w),...,o04 (:C,w),wj)

If N* is not an output node of G, then Sy (k) = Sc(k). Therefore, the previous equation implies
equation 29.

If N* = Out;, an output node of G, then Sy (k) = N"*1. Therefore:
j

60n+1—>k X
# (wivoH(wi)) =
) n+l—n+1 ) p 1
OgT (m, w, oy (z, w)) clN;”r1 (OZH(HH)1 (x,w),... 70HH(n+ ot (x,w), w”“)
o

The back propagation theorem applies to N1, hence:

80n+14>n+1
ZH

Yo (:c, w, 0z+1(x, w)) = Idpont

Moreover Py (n + 1); = Out;, and therefore:

aon-l—l—»k
# (:L', w, og(z, w)) = dN;lJrl (ogut1 (z,w),..., og“t"“t (z, w)) ,
that is:
aFg k Outq Outout
Dok (ac, w, OG(Jc,w)) = dF;, (OG (,w),..., 05 (x,w)) ,

which is exactly equation 28. m

Intuitively, this theorem means that adding a function at the end of the neural network only
modifies the starting values of the back-propagation process.
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8 Input Sharing

In our model, there is a great difference between the input nodes and the non-input nodes.
Indeed, two non-input nodes can share a common input, whereas each input node has got its
own input vector. In the MLP model, each neuron of the first layer receives the same input.
Therefore, our model is not yet able to implement the standard MLP.

In order to avoid this problem, a sharing function allows several input neurons to share a
common input vector.

Definition 11 Let G = (N, E,<) be a feedforward neural network. Let NI be a vectorial space
on IR of finite dimension and let SF' be a function from NI into I, the input space of the neural
network. SF' is called a sharing function for the neural network G. It defines a new function
Ggr from NI x W into O as:

Gsr(y,w) = G(SF(y), w) (30)

The following example shows how implement the input sharing of the standard MLP model.

Example 3 Let G = (N, &, <) be a feedforward neural network and let IR® be the input space
of every input neuron. The sharing function SE from IRF into I is defined as follows:

SF(z) = (z,z,...,x)
————
mn times

Ggr allows each input node to receive its own copy of the input vector x.

Provided that SF' is differentiable, the back-propagation method can be used, since Ggr can
be computed with a slightly modified neural network (SF' can be represented as a neuron with
no parameter, which output is distributed among the input neurons of G thanks to projection
neurons). It can be proved that the back-propagation computes exactly the same differentials
as the simple chain rule for this extended neural network, but in a very unefficient way.

The most efficient computation of the differential with respect to the input uses the chain
rule:

dGgsp i(x,w) = dG;(SF(y), w)dSF(y)

where dG; may be computed either with the help od the direct method, or with the help of the
back-propagation.

For the differential with respect to the network parameters, dG s (z, w) = dG, (SF(y), w),
i.e., the partial differential of Ggr with respect to its parameter vector w is equal to the partial
differential of G. Therefore, input sharing does not change anything to standard application
of neural networks, since the main application of differential computation for neural networks
is parameter learning, which only needs the gradient of an error function with respect to the
parameter vector of the network.

9 Complexity

The aim of this section is to compare the theoretical time needed by both differentiation algo-
rithms.
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9.1 Notations and preliminary remarks

Both algorithms need to know the input, the output and the differentials of each node. Therefore,
the comparison will focus on the cost of the algebraic operations required by both methods.
We introduce the following quantities:

e the main computation load is mostly due to the numerical operations needed for the
algebraic operations, i.e., floating point number additions and multiplications. We will
assume that the time needed to perform such an operation is 1 (experiments on a Sparc
Station 2 show that the time to perform these operations is approximately the same for
both addition and multiplication). This is therefore the unit of our formulae.

e m(i,j, k) is the time needed to multiply a (7, j)-matrix and a (j, k)-matrix (approximatively

ik(2j — 1)) ;
e 5(i,7) is the time needed to sum to (7, j)-matrices (approximatively ij).

Let |.| be the function which maps a vectorial space to its dimension (for instance, |O!| is the
dimension of the output space of node N*). The same notation will be used for the number of
elements of a finite set (for instance [N =\).

9.2 Direct algorithm

Theorem 6 Let G = (N, E,<) be a differentiable feedforward neural network. With the direct
algorithm, computing the differential of G with respect to its parameter vector needs a time equal
to:

)

D (|P(j)ﬂS*(l)|—1)s<‘Oj WZDJr 3 m(‘oj‘,‘ok‘,‘wl‘)

NigIn N'eP+(j) NkeP(j)nS* (1)

(31)
which is approrimately equal to:

S| ¥ Wz X |ot-1 (32
NigIn NleP+(j) NkeP(5)NS*(1)

Proof: Let N' and N" be to distincts nodes. In order to compute g%;, 3_51 must be computed for
every N7 € PY(N")n S*(N'), as it is shown by formula 8.

Computing the differential of G needs 2%-* for all k and I. Since N' = |2, P*(OML), 92 must

be computed for all N7 and N' € PT(N7).

If N\ € P*T(NY), 3—1‘5[ is obtained with the help of formula 8. This computation requires some
matrix products and some matrix sums. FEach dNii is a (|O7|,|1L]) matrix, and each 60;1;)’6 is a

P

(JOPG)x | |W!) matrix. But 25— = 0 if P(j), & S*(I). Therefore, the cost of the matrix products

Y om0 100, W)

is:
NEeP(j)NS*(1)

The obtained matrices are (|07, |W'!|) matrices and therefore the cost of the sum is:

(1P(G) NS )] = 1)s(|07], W)

NeuroCOLT Technical Report NC-TR-95-041 (May 1995) 25



9 COMPLEXITY

The total cost is then the sum of these costs for N7 & In (if N' € In, P(l) = () and for N € P+ (N7).
u

Corollary 1 Let G = (N,&,<) be a differentiable feedforward neural network. Let F be an
output function for G, with OF as output space. With the direct algorithm, computing the
differential of Fg with respect to its parameter vector requires algebraic operations which total
cost 1s:

]OJ] 3 \Wl\ 2 Y \o’f\—1 + |OF||W|(210] — 1) (33)
Nigin  N'eP+(j) NFeP()NS* (1)

Proof: The direct method applies the chain rule to the definition of Fg, that is F' o G. The total

algebraic cost is the sum of g—g computation cost and of the multiplication cost of dF(G) x gg. ]

9.3 Back-propagation

Theorem 7 Let G = (N,E,<) be a feedforward neural network. With the back-propagation
algorithm, computing the differential of G with respect to its parameter vector needs a time equal
to:

out
> > m(|O2U |, [0, [W']) + (IS(1) N P*(Outy)| = 1)s(|O%"*¥|, |O'])
k=1 Nte P+(Outy) (34)
Xm0 o) jo')).
NieSI)NP+(Outy,)
approximately equal to:
out )
DO (IO 4 Y W (210" = 1) +|0'| | 2 > 07| -1
= NteP+(Outy) NieS)NP+(Outy)

(35)

‘9% Tl and the local

Proof: The back—propagation algorithm includes the recursive computation of the
computation of + forw! € P7*(j). Equation 15 implies a computation time equal to m(|07], |OY|, [W).

Moreover, g;l is reqmred only if N7 € Out. Therefore the local computation cost is:

out

Yo > m(o% 0" W)

k=1 NleP+(Outy)

The value of 60 is recursively computed with the help of equation 24. %ﬁj is first multiplied
by dN? Where j is a successor of . This computation cost is m(|O°ut|,|07|,|0"). If j ¢ P(l) N

Tr(l,5) X
P*(Outy,), then 67 = 0. On the other hand, if j = Outy, then a"o;# is the identity matrix.

In both cases, no matrix product is required. Therefore, the total cost of the matrix products is:

> m(|0°"x|,107],|0")

NieS()NP+(Outy)

OOutkHj

Afterwards, the sum of the obtained matrices is computed: is:

(IS(1) N P*(Outi)| = 1)s(|07*],|0"))

Outy,—j

|S(1) N P*(Outy)| matrices are summed (not only S(1) N Pt (Outy)) because when ‘%T = Id, the
resulting product is ngm » and must be included in the sum. m
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In the same way:

Theorem 8 Let G = (N,E,<) be a differentiable feedforward neural network. Let F be an
output function for G, with OF as output space. With the back-propagation algorithm, computing
the differential of Fg with respect to its parameter vector requires algebraic operations which total

cost 18:
[ (Z\Wl\@!Ol!—lH Y. 10 (2 >, IOj\—l)) (36)
0]

N NlgOut Nig§

Proof: This result is obtained the same way as the previous one (theorem 7). m

9.4 Application

The obtained complexity formulae are not directly comparable. Without any output function,
two classes of multi-layer perceptrons can be determined, so that the direct method is faster
than the back-propagation for the first class, whereas the back-propagation should be chosen for
the second one.

With an output function, and for models like the multi-layer perceptron, the back-propagation
remains the best algorithm, provided that the output function is an error function (i.e., with a
real output). For standard extents of the MLP model (such as RBF networks or wavelet networks),
the back-propagation is a well suited algorithm.

10 Some examples

Different examples are studied in this section to show how to use our general model. The
standard MLP model is described either with neurons as units or with layers as units within this
model.

10.1 Neuron-based Multi-Layer Perceptron

The most simple idea to implement a MLP as a particular case of the general model is to consider
the standard MLP neuron as a generalized neuron.

Example 4 A Multi-Layer Perceptron is a neural network G which fulfils the following condi-
tions:

1. G has exactly n layers. For allk > 1 and N € LF, P(N) = L*¥'. For all k < n and
N € L*, S(N) = L**1. Moreover, Out = L".

2. Let I* be the number of neurons in layer L*. Then, every neuron of layer LF (with k > 1)
has exactly ¥~ inputs. All corresponding input spaces are equal to IR (real inputs).

The output space of every neuron of the network is IR (real output).
The input space of every neuron of the first layer (i.e., of the input layer) is R,

For a non-input neuron with p inputs, the parameter space is IRPT1.

2R N N

. . 0
For every input neuron, the parameter space is RV
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10 SOME EXAMPLES

7. Let N be a non-input node of layer L* (k > 1). Then, for a particular function T from IR
into IR, called the transfer function of the neuron, N computes:

lk 1
N (xl,xg, sy Lpk—1, (wl,wQ, . ,'U}lk—1+1)) =T (Z W;iTi + wlk1+1)
1=1

8. Let N be an input node. Then, for a particular function T from IR into IR, called the
transfer function of the neuron, N computes:

10
N ((z1,22,...,2p), (w1, we,...,wpo,q)) = (szxz—kwloﬂ)

=1

9. The network uses a sharing function SF' from RY into R™*". SF s defined as follows:

n times

The complexity theorems of section 9 may be applied to this model to estimate the computation
cost of the differential with respect to the parameters.

e Without any output function:
— for the direct method:
n k—2

SEL( )Y > Wl > W (37)
k=2 p=1 NleLp NleLk—1

— for the back-propagation method:

(Z ST+ Z PPt — ) (38)
p=1 NleLp
If n = 2 both formulae are equals. We can now study two particular cases:

1. Let the studied MLP have decreasing layers (I* < [¥~1). The complexity formulae
may be expressed thanks to a recursion. The direct computation time is D,,, where:

p k—2
Vp<n, Dyp=> IF <(2”H—1)Z PORLAEDYS !W”)
k=2

q=1 NleLa NleLk-1

The back-propagation computation time is B,,, where:

Vp < n, Bp_zp(z > |W|+qu (209! — )

=1 NleLa
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Then:

By = Dy

Dyp1 = Dp+lp+1(2lp Z PRUAESDS |Wl)

qg=1 NleLa Nlerp

B
By = IPH (Tp+ ) |Wl|+lp_1(2lp—1))

P NleLp

For each N', |W!| > 1. Let us prove that D,, > B, by means of a recursion. First,
Dy = By. Let us assume that p>2and k <p = D > Bj. Since Pt! < [P,
[t B” < B,. Therefore, l”*‘1 < D,. Moreover, [W!| > 1 implies:

(217 — 1) Z S Wl > ( 217’—1)21612(211’—1)17’—1

q=1 NleL4
Therefore:
Dyi1 > Dy + P 2 — 1=t 4t N [
NleLp
Hence Dp11 > Bpta.
For a MLP with decreasing layers, the back-propagation algorithm is faster
than the direct method.
2. Let us now study the case of a bottleneck: in the studied MLP, there is a layer with
only one neuron, and this layer precedes a layer with many neurons.
The complexity formulae may be written as follows:

D, = a+I"p

B, = 1"y
o = Dn—l
Bo= > Wit @ - ZZ\WZ
NZEL" 1 p=1 NlecLp
vo= Z > \le+2lp P+l
p=1 NleLp

In a MLP, the number of neurons in layer n does not influence the number of param-
eters of the neurons that belong to the preceding layers. Therefore, a, 6 and v do
not depend on ™. If ("1 =1, then:

n—2
— Z lp(leJrl 1
p=1

Therefore, if n > 2 (and "~ = 1), then there exists L € IN, such that " > L =
B, > D,.

This type of neural network architecture is really uncommon but it proves that the
back-propagation is not always the best algorithm.
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e With an error function (i.e., a real output function):
— for the direct method:
n k—2
De=> "= > Wi+ Y (Wi +@@"—-1)> W (39
k=2 p:1 NZELP NleLk—l Nl
— for the back-propagation method:
n n—1
= > W+ > @t —1) (40)
p=1 NleLp p=1
Let us recall that |[WW!| > 1 for all N' and that I¥ > 1 for all k.

1. If n=2:

D. = > Y W'+ @?- Z\Wl

NleL!
= Y |Wl|+(2l2—1)(z Wi+ > |Wl|)
Nle[? Nlelt Nlel?
B. = Y [WY+1'"2*-1)
Nl

WY >1 = Syieps [WY > 1L Therefore D, > B,, since [ > 1.

2. In most neural networks derived from the MLP model such as the RBF network, we
can assume that [W!| > [*=1 if N' € L¥ (the previous description shows that it is
always true for a MLP). Therefore:

S Wl = et

NleLr
If n = 3, then:
D, > PO+ PP -DMNO+ P Y W+ 2 - Z|Wl
NieL?
Be = Y [WH+1'2 —1)+12(21° - 1)
N!
Moreover:
B -0t > e -1)
@F—-1) Y W' = P@eP-1
NleL?
@F—1) Y i+ Y o> Y
NigL? NleL? Nt

Therefore D, > B,.
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3. Ifn>3:
k>2 — Z > \Wl\>2l”
p=1 NlecLp
Therefore:
n—1 n
De > 23 R 4 3207 — 1)M0 4+ )RR (20— Z W
k=3 k=2

which implies that:

D — Be > 1202 — 1)IMO + MR 22 — 1) — (218 - 1)
k=2

As n > 4, we have:

Z FF=17k=2 > 123 4 2374 > 9123
k=2
Moreover, 13(212 — 1)I11° > 1*(21? — 1). It allows to conclude that D, > B..

With an error function and with a standard multilayer architecture (MLP, RBF
network, wavelet network, ...), the back-propagation algorithm is faster than
the direct method.

e For a standard MLP-like neural network, for which |[W!| = [*=1 4- 1 if N' € L*, the back-
propagation complexity is equal to:

n

Z (P14 1) +Zzp 27T —1) <33 PP 4 1) (41)

: p= 1 p:l

Now, the number of parameters of such a neural network is > 7_; IP(IP"1 +1). A stan-
dard result appears: the time needed to compute the gradient with the back-propagation
algorithm is proportional to the number of parameters, provided that every neural compu-
tation satisfies a similar condition (for any neuron N¥, the local computation of o*, dNF
and d]\fil‘C needs a time proportional to |WW¥|). This condition is satisfied not only by a
standard sigmoid neuron but also by a RBF neuron or a wavelet neuron.

10.2 Layer-based Multi-Layer Perceptron

In a MLP, a layer performs a local vectorial transformation. Therefore, such a layer can be
considered as a generalized neuron. This point of view leads to the following model:

Example 5 A n-layer Perceptron is a neural network G which fulfils the following conditions:
1. G has exactly n neurons and its graph is linear, i.e., £ = {(./\/”,./\/H*OO), oo <[ <\ — oo} ;

lk—l .

2. neuron N* has exactly one input space of dimension ;

3. the output space of neuron N* is R" ;

4. the parameter space of neuron N* is R+ ;
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5. N* computes the following function:

Nk ((.%'1, . ,JZ’lkfl) s (p(lyl)’ . ,p(lefl_’_l), . 7p(lk,1)7 . ,p(lk’lk—l_i_l))) =

lk—l lk:—l
(le (Zp(u)xi +P(Ll'€—1+1)) T/Z (Zp(lk,z-)l‘i +P(l’alk-1+1))) ’
=1 =1

where each TF is a transfer function from IR into IR.

Applying the complexity theorems of section 9 leads to the following results for this new MLP
model.

e without any error function:

— for the direct algorithm:
SvEEt -1y R+ 1) (42)
j=2 k=1
— for the back-propagation algorithm:
(Z PO @t -1+ Z 12t — ) (43)

e with an error function:

— for the direct algorithm:

dovEt - sz Flp 1)+ @ - Z @' - (44)
j=2

3

— for the back-propagation algorithm:

znj (Pt 1) 20k — )+§zk(2zk+1—1) (45)

k=1

In all cases, the computation cost is longer for this model than for the neuron-based MLP model.
This result can be simply explained as follows. In the complexity formulae, it is always assumed
that the time needed to compute the product of matrix A of size (i, j) and matrix B of size (j, k)
is proportional to ik(2j — 1). This is true for arbitrary matrices. But if A or B is in particular
form (if A is diagonal for instance), the computation time can be reduced.

Now the local differential dN¥ has a very particular form within the layer-based MLP model.
It has only [*(I*~! 4 1) non zero terms (among (I*)2(1*~! + 1) ones). It can be shown that
a particular multiplication may be defined for such particular jacobian matrices, so that the
implied computation cost is the same for both MLP models.

Once again, RBF layers and wavelet layers define similar jacobian matrices. Therefore, the
neuron-based model and the layer-based model lead to the same complexity for the differential
computation of most employed multilayer neural networks.
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11 Conclusion

Following Léon Bottou and Patrick Gallinari, we have introduced a general model for feedforward
neural networks. This model is general enough to handle all standard models derived from the
Multi-Layer Perceptron. But it is precise enough to define an extended back-propagation to
compute the differential of the vectorial function that the neural network computes.

We have computed the theoretical complexity of the direct method (simply based on the
chain rule) and of the back-propagation method. It proves that the choice of the faster algorithm
depends on the architecture of the network, though the back-propagation is the faster method
in most usual cases.

This general model is a fundamental tool since it provides us with a general mathematical
description of feedforward neural networks. It allows therefore a general study of their properties.
Moreover this model can be implemented in this general form with the help of an object oriented
language ([0]). This implementation makes the designing of a new neural network easier: many
methods (such as the back-propagation) are already implemented for any neural network that
is derived from the general model, provided that the user defines the local computation the new
neurons perform.
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