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1 Introduction

A huge amount of experimental works has proved that multi-layer perceptrons (MLP) are well suited for
classification tasks, for which the goal is to separate vectorial inputs into several classes. It is also well
known that MLPs are universal approximators (see [1, 5, 9]): given an arbitrary continuous mapping from
a compact set (subset of IR™) into IRP, and an arbitrary accuracy, there exists a two layer perceptron
that approximates the given function with the given accuracy. Two main problems are the design of
such a MLP with a minimum number of neurons, and the training of a given MLP so as to minimize the
approximation error with respect to a given function. Theoretical results define some methods to answer
the first question, but they build still too huge neural networks. Experimental results seem to prove
that the second problem is more difficult than the classification problem, especially to obtain the best
approximation (it is due to the well known problem of local minima).

The MLP model has been modified in many different ways to simplify both designing and training
processes. In a MLP, a neuron collects outputs from the previous layer, it multiplies each output by a
synaptic weight, it sums the resulting values and then it applies a transfer function to the sum. The
simplest modification idea is to change the transfer function, using a sinus [4] or a gaussian function [10],
for instance, instead of the standard sigmoid function. It is also possible to modify the preprocessing
computation. A vectorial threshold may be applied to the output of the previous layer before the weighting
process ([16]). The distance between the output of the previous layer and a prototype vector may be
computed before using a transfer function. This idea was developed to use radial basis functions (RBF)
as transfer functions ([11, 12, 14]). A non linear process (such as a quadratic form, see [15]) may be
used instead of the linear process (i.e. the weighted sum). Some authors have also proposed to use
multidimensional wavelets as neurons (see for instance [18]). This method strongly modifies the neuron
structure, when compared to the standard MLP neuron.

All these models are universal approximators. Choosing the best one is difficult, since there is no
theoretical result to compare their performance. Indeed a particular model might be well suited for a
particular application and unadapted to another one. Despite their differences, these models share a
common principle: they use an acyclic graph of simple units to compute a complex parametric vectorial
function. This general point of view can be translated into a mathematical model which generalizes the
notion of feed-forward neural network. This method was proposed by Léon Bottou and Patrick Gallinari
in [2]. Their key idea was to allow the cooperation of modules of different kinds. In previous papers
([7, 6]), we extended the proposed model to describe a general mathematical model for feed-forward
neural networks. This model is able to to handle many models, among which all the models derived from
the standard MLP model.

Following Bottou and Gallinari, we have introduced a generalized back-propagation algorithm which
allowed us to compute the gradient of the error made by a neural network in an efficient way. We have
extended the algorithm proposed by Bottou and Gallinari to compute the differentials of the function
computed by the neural network too. It allows us to view a neural network itself as a neuron. The
differentials of the function computed by the neural network can also be computed with the help of
a direct algorithm. In order to compare both methods, we have computed the theoretical amount of
operations needed by both algorithms. Our work shows that these amounts can not be directly compared
in the general case. A study of some particular cases shows that the back-propagation is not always the
best algorithm for arbitrary feed-forward neural networks.

In [3], W. L. Buntine and A. S. Weigend have presented general equations for second order derivatives
computation in feed-forward neural networks, together with a survey of the use of such derivatives: second
order training such as in [12, 17] or post-training analysis (such as Optimal Brain Surgeon, in [8]). In
this report, we extend their work and introduce three different algorithms which can be used to compute
the Hessian of the error made by an arbitrary feed-forward neural network as described in our previous
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paper: a direct algorithm, a pure back-propagation based one and a hybrid algorithm.

In order to compare the obtained algorithms, we also compute their theoretical time complexities.
We show that for MLP, the pure back-propagation algorithm (which extends the algorithm proposed by
Buntine and Weigend) is faster than the direct algorithm. We show also that the complexity of the hybrid
algorithm, which combines a direct part with back-propagation formulae, cannot be computed in a simple
way because of the influence of the so called computation strategy.

Finally, we study the complexity of the computation of the first order differentials needed by the
different algorithms. We show that in the case of a MLP, the back-propagation is not always a good
choice for computing these first order differentials, which can be more efficiently computed by a direct
algorithm. This a quite important result which gives precisions about suggestions of other authors [3, 13].

The report is organized as follows: section 2 recalls briefly definitions and results introduced in [7, 6].
Section 3 introduces new notations needed in this report. Section 4 describes the three different second
order differential calculation algorithms and proves their correctness. Section 5 extends these algorithms
in order to handle efficiently the special case of the computation of the Hessian of the error made by a
network. Section 6 computes the time complexities of the different algorithms and section 7 modifies the
complexities for the error Hessian computation case. Then, section 8 studies which first order differentials
are needed by the different algorithms and establish the time complexity of their computation. Finally,
section 9 studies the obtained complexities in the special case of MLP.

2 A general feed-forward neural network model

This section recalls briefly results from our previous work. This work is precisely explained in the
Neurocolt report NC-TR-95-041 entitled “A General Feed-Forward Neural Network Model”, written
by Cédric Gégout, Bernard Girau and Fabrice Rossi ([6]). It can be down-loaded via the World Wide
Web at URL:

http://apiacoa.org/publications/1995/neurocolt1995. pdf

2.1 A general neural network
2.1.1 A formal neuron

Definition 1 Let n and k be positive integers and let I',...,I", W and O be vectorial spaces on IR of
finite dimensions.

A (C¥) n-input neuron is a (C¥) function from I' x ... x I" x W into O.

I7 is the j-th input space of N and W is its parameter space.

If N is a C' n-input neuron, % is the partial differential of N with respect to its j-th input, con-
sidering all other inputs to be constant. When N has only one input (n = 1), we simplify this notation

and use %—]X. g_];[) is the partial differential of N with respect to its n + 1-th input (the parameter vector

belonging to W ).

As N is a vectorial function, we can consider its coordinate functions, called N1, Na, ..., Ny,. % 18
the partial differential of N; with respect to its k-th input variable and %ﬁi stands for the differential with
respect to the parameter vector. Finally, as the input and parameter variables are vectors, it is possible to
N,

compute the differential with respect to each coordinate of these vectors. For instance, % is the partial
j

differential of N; with respect to the j-th coordinate of its k-th input vector.

2.1.2 Ordered Oriented Graph
Definition 2 An oriented graph G is a pair (N, F) of sets which fulfills the following conditions:
e N is a finite set of nodes ;

o F is a subset of N?, and e = (z,y) € F is an edge of the graph if there is a connection from x to
Y.

THOMSON-CSF/AIRSYS/RDTE-594/96 09/09/96 4
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Definition 3 Let G = (N, F) be an oriented graph and let n € N be a node of G.

e P(n)={peN|(pn) € F} is the set of the nodes that have a connection to n. These nodes are
the predecessors of n.

e S(n)={peN|(n,p) €F} is the set of the nodes that receive a connection from n. These nodes
are the successors of n.

Definition 4 An ordered oriented graph G is a triple (N, F, <), which fulfills the following conditions:
e N is afinite totally ordered set of nodes. It may be considered as a sequence of nodes N', N2, ... ;

o F is a subset of N2, and e = (x,y) € F is an edge of the graph if there is a connection from x to
y;

e < is a function from N into P(N?). It associates to each node N* in N a total order <y: on its
predecessor set, P(N'). This set is therefore a sequence and it can be referred to P(N)F for its
k-th element.

2.1.3 General assumptions and notations
We introduce here some general assumptions in order to simplify the remainder of the report:
e G =(N,F,<) is an ordered graph with exactly n nodes,

e N! ... N"is the sequence of the graph nodes,

P(N*) = P(k) is the set of the predecessors of N¥,

S(N*) = S(k) is the set of the successors of N,

Node N* has exactly p* predecessors and s* successors,

Pk, ..., P(kz)pk is the sequence of the predecessors of N*,

o S(k), ..., S(k)sk is the sequence of the successors of N*.
The notion of predecessor may be generalized for an arbitrary node N:
o PO(N) = {N}
e PF(N)={M € N'|3Q € P*1(N) so that (M, Q) € F} (i.e. PL(N)= P(N));

o PT(N)= G PE(N) ;
k=1

e P*(N) = P°(N)UP*H(N).

Similar sets can be defined in order to generalize the notion of successor.
o S°N) = {N} ;
e SK(N)={M e N |3Q € S*1(N) so that (Q, M) € F} ;

oo

o ST(N) = S*(N);

k=1

o S*(N) = S°(N)US+(N).

THOMSON-CSF/AIRSYS /RDTE-594/96 09/09/96 5
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2.1.4 The neural network

Definition 5 A feed-forward neural network is an ordered oriented graph G = (N, €, <) which fulfills
the following conditions:

1. The graph has no cycle.

2. The elements of N' are k-input neurons (k depends on the neuron). The output space of N* is
OF and its parameter space is WF.

3. If p¥ > 0 then neuron N* is a p*-input neuron (it means that if a neuron has got predecessors,
it has evactly one input for each of its predecessors in the graph). The input spaces of N* are
LI (54

4. If p* =0 then neuron N* is a 1-input neuron with input space I*.

5. Ifp* > 0 then the following condition holds for each inputi of the neuron N*: dim I** = dim or®’,

In the remainder of the paper, we will identify each neuron with its rank in the node set. For instance,
let us assume that P(N3) = {N2 N'}, ie., P(3); = P(N3); = N? and P(3); = N!. To study the
output space of the first predecessor of N3, we should write O?. But from a strict mathematical point
of view, OP®)" has no meaning in the general case. Therefore a function rank from A into {1,...,n}
must be defined. This function gives the rank of a node in A. Nevertheless, writing O""*(” ()" is rather
cumbersome, so that we will omit the rank function in the remainder of the paper.

We introduce some additional definitions:

e In is the subset of N’ which elements have no predecessor, i.e., In ={N € N'| P(N) = (}.
In has in elements. It is a totally ordered set (order induced by the order on ') and Int, ..., Ini"
is the ordered sequence of its elements. The elements of In are connected to the “outside” by means
of their inputs.

e When N' € In, In(l) is the rank of N in In, i.e. N! = In/"(®,
e An inner node is a node belonging to A"\ In.

e Out is the subset of N' which elements have no successor, i.e., Out = {N € N'| S(N) = 0}.
Out has out elements and is totally ordered. Out!, ..., Out®" is the ordered sequence of its elements.
The elements of Out are connected to the “outside” by means of their outputs.

e When N! € Out, Out(l) is the rank of N in Out, i.e. N = OutOut®),

e The vectorial space I = H;Cn:l I'"" is the input space of the neural network. I is the product of
the input spaces of the neurons that belong to In.

e The vectorial space O = HZZ 00ut" is the output space of the neural network. O is the product
of the output spaces of the neurons that belong to Out.

e The vectorial space W = HZ:l WF is the parameter space of the neural network. W is the
product of the parameter spaces of the network neurons.

2.2 Computing with the model

Property 1 Let G = (N, F, <) be a feed-forward neural network. There exists an unique positive integer
1(G) and an unique partition of the node set N defined by the | subsets Ly, ... s Ligy, which satisfy the
following conditions:

1. Ly =1In;

THOMSON-CSF/AIRSYS /RDTE-594/96 09/09/96 6
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2. Vk>1, Ly, = {N €N | P(N)C Ul Ly and 3N’ € P(N), N' € L,H}.
The L; are the layers of the neural network and l[(G) is the number of layers of the neural network.

We can now define the output of the individual nodes of the network:

Definition 6 Let G = (N, F, <) be a feed-forward neural network. Let x = (xt,... ') € I be an input
1

vector and let w = (w',...,w™) € W be a parameter vector. For each I, 1 <1 < n, o'(z,w) is defined
with the help of the following recursive construction:
e For Nl € Ly = In, N' = Iny,. Then:
o (, w) = N'(a*, ') 1)
e For N' € Ly, with k > 1. Then:

1 pl
o' (z,w) = N <0P(l) (z,w),...,o"" (z,w),wl> (2)

Finally, G(z,w) is obtained by:
G(z,w) = (07" (z,w),...,0%" " (2, w)) (3)

This definition allows to consider a neural network itself as a neuron. We can also define the generalized
input of a neuron, which is quite similar to o:

Definition 7 Let G = (N, F, <) be a feed-forward neural network. Let x = (x',...,2™) € I be an input
vector and let w = (w',...,w™) € W be a parameter vector. For each |, 1 <1 < n, il(ac,w) 1s defined
with the help of the following recursive construction:

e For Nl € Ly = In, N' = Iny,. Then:
il('rv w) = (ajka wl) (4)
e For N' € Ly, with k > 1. Then:

1 pl
iz, w) = (op(l) (z,w),...,0""

(z ). )
We have therefore o' (x,w) = N' (il(z, w))

2.3 Computing the differentials
2.3.1 Additional definition

To obtain the rank of a node N* in the predecessor list of its successor N', the following definition
introduces a new function.

Definition 8 Let G = (N, F,<) be an ordered oriented graph. Let N* be a node of G and N' be a
successor of this node. We call r(k,1) the rank of N* in the predecessor set of N, i.e. N¥ = P (1)),

The following definition generalizes the output of the neural network:

Definition 9 Let G = (N, F, <) be a feed-forward neural network. O is by definition the output space
of the network and is equal to the product of the output spaces of output nodes. Let H be the product of
the output spaces of all nodes of the network, i.e., H = [[}_, O'. We define the output function, h(x,w)
from I x P into H, with:

h(z,w) = (o' (z,w),0*(z,w),...,0"(z,w)) (6)

We introduce finally some special linear functions:
Definition 10 Let A and B be two vectorial spaces. Then:

o 04, is the null function from A to B which maps every vector x in A to Op the null vector of B.

o Id, is the identity function of A which maps every vector x to itself.

THOMSON-CSF/AIRSYS /RDTE-594/96 09/09/96 7
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2.3.2 The direct method

Theorem 1 Let G = (N, E,<) be a feed-forward neural network. Let N' be an arbitrary node. Let
and w be arbitrary input and parameter vectors. Then:

o if Nl =1Ink:
—if j #F ke o
o
57 (W) =0 (7)
—ifj#FL: l
do
Fo7 HW) = (8)
— and:
9o ON'!
Ak (x,w) = E(xkawl) (9)
do! ON' . |
p) l(xv ) = %(1' aw) (10)
o if N\ & In:
— forallj, 1 <j<in:
a0 ON' 1 pt ok
D DR (o0 @ o ! ) S5 ) )
NkeP(1)NS*(Ini)
—ifj# L
o ON'! . . doP "
Ho7 HW) = > 9o 5D <0P(l) (z,w),...,0"" (z,w),wl> S @w)  (12)
NkeP(1)NS*(5)
— and: . l
N
99 (o) = 2t u (13
w w

2.3.3 “Free” neural networks

Definition 11 Let G = (N, F, <) be a feed-forward neural network. Let x = (z',...,2™) € I be an
input vector and let w = (w',...,w™) € W be a parameter vector. Let N* be an arbitrary node. We
define 0"~k (x,w, f¥) = f*¥. For each 1,1 <1< n, and l # k, o'=*(x,w, f*) is defined with the help of
the following recursive construction:

° Ile € Ly = In, then N = In% and:

o=z, w, fF) = N (zq,wl) (14)
o If N € Ly, with k > 1 then:
oz, w, fF) = N (OP(Z)I_’k(x,w,fk), . .,op(l)pl_’k(x,w, fk),wl) (15)
Let G*(z,w, f*) be:
G*(z,w, f*) = (ooutlﬁk(:n,w, ), .. .,OO“toutHk(:E,w, fk)) (16)

We introduce also the free generalized input as (even forl=1k) :

THOMSON-CSF/AIRSYS /RDTE-594/96 09/09/96 8
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e If N' € Ly = In, then N' = In? and:

i (@ w, f7) = (29, 0") (17)
o If N € Ly, with k > 1 then:
1 pl
i'F (,w, fN) = <oP<” M w, fF),.. 00 *’“(x,w,f’“),wl> (18)
Forl # k, we have :
Olak(l‘,’w,fk) _ Nl (ilﬁk(a:,w, fk)) (19)

And finally, we introduce the free generalized output, a function from I x P x O into H, defined by :
ht (x,w, fl) = (01_’l (x,w, fl) I (m,w,fl)) , (20)

which implies h™! (:L', w, o (x,w)) = h(z,w).

We have some important properties:

Property 2 Let G = (N, F,<) be a feed-forward neural network. Let N* be a network node. The

following conditions hold for an arbitrary input vector x, an arbitrary parameter vector w, and an arbitrary
free output vector f*:

o=k (x,w,ok(x,w)) = o(z,w) (21)

VYN' ¢ S*(k), o/ (z,w, fF) = o(z,w) (22)

Property 3 Let G = (N, &, <) be a feed-forward neural network. Let N' and N* be two arbitrary nodes.
Let z, w and f* be arbitrary input, parameter and free output vectors. Then:

aol—>k
W(va F5) = Ope o (23)

Intuitively, this equation implies that the output of the network depends on a parameter vector w* only
through the output of the corresponding neuron N¥.

Property 4 Let G = (N, F, <) be a feed-forward neural network. Let N and N* be two arbitrary nodes.
Let x and w be arbitrary input and parameter vectors. Then:

a0 ol =k ONF .
W(zaw) = W (z,w,ok(z,w)) w (Zk(wi)) (24)

Property 5 Let G = (N, F,<) be a feed-forward neural network. For each input node N* = In?, for
each node N' and for arbitrary input, parameter and local output vectors, x, w and f*, the following
formula holds:
aol—>k
oxd
Intuitively, it implies that the outputs of the nodes depend on an input vector x7 only through the output
of the corresponding neuron N* = InJ.

(z,w,fk) :Olj,ol (25)

Property 6 Let G = (N, F,<) be a feed-forward neural network. For each input node N* = In?, for
each node N and for arbitrary input and parameter vectors x and w, the following formula holds:

ot ol =k ONF

@(Jc,w = 5ok (x,w,ok(x,w)) S (xj,wk) (26)

THOMSON-CSF/AIRSYS /RDTE-594/96 09/09/96 9
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2.3.4 Back-propagation

Theorem 2 Let G = (N, F, <) be a feed-forward neural network. Let x be an arbitrary input vector. Let
w be an arbitrary parameter vector and let N' and N* be arbitrary nodes. Then:

o If Nk = NI:
aol—>k
Do (x,w,ok(x,w)) = Idor (27)
o If N* ¢ P*(N!):
3olﬂk A
W (ZL', w, o (ZL', ’UJ)) == Ook,ol, (28)
e If NF € PT(N):
Dol =+ & Dol =7 < ONI .
— (z,w,0"(z,w)) = Z — (z,w,0 (z,w)) Fyrerr (7 (z,w)) (29)
0o NIESENE Q) 00J Oz (k.9)

2.3.5 Output functions

Computing the differential of a neural network function is often useful to train this network to perform a
given task. A supervised learning method aims at decreasing an error, which is indeed a distance between
a desired output and the actual output of the neural network. The error computation is modeled by an
output function F' which maps the vectorial output of the neural network to another output (the most
common case is a real output). The following theorem allows to use an modified back-propagation to
handle efficiently this case.

Theorem 3 Let G = (N, F, <) be a differentiable feed-forward neural network. Let F be a differentiable
vectorial function of vectorial variables and let S*,...,S°% be its input spaces, with S* ~ Q9% A
composed function Fg(x,w) can be defined as:

Fo(z,w) =F (OOUtl (z,w),...,00" e (g, w)) (30)

F is an output function for the network. Let Fg(x,w, fF) be defined in a similar way as G* (i.e., with a
“free” output for node N*).
If % stands for the partial differential of F with respect to its k-th variable, then:

OFq OFF ONF
W(m,w) = 805 (w,w,ok(:n,w)) ” (zk(x,w)) (31)
F, Fk Nk _
a@x? (r,w) = %Tg (z,w,ok(z,w)) ON” (xj,wk) , for N¥ = In7 an input node, (32)
with,
o for N¥ = Out?, an output node:
aFck: k _ OF 1 oust Outo"t
Dok (z,w,o (z,w)) =57 (0 (z,w),...,0 (x,w)) , (33)
e for N¥ & Out:
k Fj ) J .
%% (z,w,ok(z,w)) = v % (ZL',U),OJ (:E,w)) % (z'] (z,w)) (34)
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2.4 Complexity
2.4.1 General assumptions

Both algorithms need to know the input, the output and the differentials of each node. Therefore, the
complexity will include only the cost of the algebraic operations required by both methods. Moreover,
we make the following assumptions:

e the main computation load is mostly due to the numerical operations needed for the algebraic
operations, i.e., floating point number additions and multiplications. We will assume that the time
needed to perform such an operation is 1 (experiments on a Sparc Station 2 show that the time to
perform these operations is approximately the same for both addition and multiplication). This is
therefore the unit of our formulae.

e the time needed to multiply a (4, j)-matrix and a (j, k)-matrix is approximatively k(25 — 1) ;
e the time needed to sum two (i, j)-matrices is approximatively j.

Let |.| be the function which maps a vectorial space to its dimension (for instance, |O'| is the dimension
of the output space of node N'). The same notation will be used for the number of elements of a finite
set (for instance, |[N| = n).

2.4.2 Direct method

Theorem 4 Let G = (N, F, <) be a differentiable feed-forward neural network. With the direct algorithm,
computing the differential of G with respect to its parameter vector needs a time equal to:

= Y 0 X Wl X jor- 39

NigIn NiteP+(j5) NEkeP(5)nS*(1)

Corollary 1 Let G = (N, F,<) be a differentiable feed-forward neural network. Let F be an output
function for G, with OF as output space. With the direct algorithm, computing the differential of Fg with
respect to its parameter vector requires algebraic operations which total cost is:

Ca(Fg)w = Ca(G)w +1O7 | Y- WH[|2 Y [0'-1 (36)
NkeN NleOutnS*(k)
2.4.3 Back-propagation

Theorem 5 Let G = (N, F, <) be a feed-forward neural network. With the back-propagation algorithm,
computing the differential of G with respect to its parameter vector needs a time equal to:

Cip(G)y = (37)
STOof I+ > [ EIo 1)+ 101 | 2 > 07 -1
NkeOut NleP+(k) NieS()nP+(k)

Theorem 6 Let G = (N, F,<) be a differentiable feed-forward neural network. Let F be an output
function for G, with OF as output space. With the back-propagation algorithm, computing the differential
of Fo with respect to its parameter vector requires algebraic operations which total cost is:

Cop(Fg)w =07 | WO =)+ > 0|2 > [07]-1 (38)

N NlgOut NieS(l)
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3 Additional notations

Let N! be a C? neuron with input spaces I, .. .Il’pl, parameter space W and output space O':

e we assume that O' dimension is n'.

e Let i, k, ¢ and r be four integers with i € [1,n!], k € [1,p!], ¢ € [l,nm"k(P(l)k)] and 7 € [1,p!]. We

already know that gg,j is the partial differential of N! with respect to the g-th coordinate of its
q

k-th input variable. This is a function from I“! x ... x VP X W to L(IR,O"), the space of linear
functions from IR to O' which can be identified to O' itself. Therefore, g—NkL can be considered as

a neuron and we will call its partial differential with respect to its r-th input variable. Of

8 ’“Bzr

course will be its partial differential with respect to its parameter vector.

9*N*
7 dzkow

ON! . . . .
We also know that 53 can be used. Once again this function can be considered as a neuron from
q

l . . . . 2N} 2N}
I x . o x IBP x W oto IR and we will therefore use the partial derivatives 6k i and 9 o
Ozkox Ozfow

rank(P(l)T)]

Moreover when j is an integer belonging to [1 n we will also use the partial differential

W . Similar notations

are avarlable for partial differentials with respect to a given eoordlnate of the paranleter vector.

e As o is a function from I x W to O', it can also be considered as a neuron and similar notations will

L
be used, such as for instance which stands for the partial differential of gjﬁv with respect
q

%ol
Bw(’;(’?w;
to the j coordinate of the r-th parameter vector of the network.

e we need also to extend the notion of free network presented in section 2.3.3:

o'=k3(z,w, 7%, 77) is the output of node N when the input vector of the network is = and its

parameter vector is w, and when the output of node N* takes the value 7% and the output of
node N7 takes the value 77.

— h™FJ (2, w,7%,77) is the generalized output of the network in the case described above.

4 Second order derivatives

Let G be a feed-forward neural network with C? neurons. Let N! be an arbitrary node. As a composed

function, o' is also C2. As recalled in sections 2.3.2 and 2.3.4, two methods are available in order to

Do (z,w) (and also 6—d(x,w)), the direct method and the back-propagation algorithm. The
Oz

ow

problem is now to compute the differential of aaTolk(z, w) itself. The only way to solve this problem is to
use the explicit definitions of this function. As we have two computing methods, we have also two explicit
definitions.

4.1 The direct method approach
4.1.1 General case

Equation 12 given by the direct method for a non input node can be rewritten in a scalar version (valid
when j #1):

B
l 1 p! 80’“

DY Z W <oP<” (e, w), .., 0" (z,w>,wl)a—‘;<z,w>
t

NkeP(1)NS*(j) 4= 10 Wy
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The differentials of this equation can be computed very easily, as it is only a sum of products of differen-
. . . . 52 Nll 820"
tiable functions. Therefore, the main problem is to compute FeF o and Bl a;m’ where m # [.

A simple application of the chain rule (i.e., a direct differentiation) gives (as m # I):

02N} PO ! 02N} do
i 0 P(l)? 1\ _ Z Y
dzkowm (0 @ w007 @ w) ’w) Oxkozr(rh) (0", w)) 5 ()

NTeP())NS*(m)

Therefore, the second order differential is obtained with the following equation:
0?0l
ow! dwm

(wi) =

T

o 0% N} do
> < w) Y W (' (2, w) 5= (@, w)

NEeP(l)NS*(j) q=1 NreP()NS*(m
ON! 82 ok
+ viz,w)) ———(r,w
gV () puiour ")
The scalar version of this equation is:
&%

——(z,w) = 39
S W( ) (39)

o 02N} 1 Qo"
2 < w2 Dk (D (7)) G (2:0)

NkeP()NS*(j) =1 NreP(l)NS*(m)

ON! d%of
4+ — (i'(z,w)) ———(x,w
8x2(k’l) (@) awtawm( )

4.1.2 Particular cases

The previous section dealt with the general case for which we had assumed that N'! was an inner node
and that N™ # N! and N7 # N'. In this section, we introduce the formulae of the particular cases.
Extension for m =1

If m = [, we just have to compute Jg T . In fact, we can change the differentiation order and compute
au?l g . Therefore this particular case is just a part of the following particular case (in fact, it is possible

to compute with this differentiation order: we obtain exactly the same formula as for the alternate

16 l
differentiatlon order).
Extension for j =1
In this case, for an inner node, we have:

9o ON!
w(z,w): S ( (z, w))

Therefore, if m # [, we have:

020l 02N} ) ok
Foler W= D | ufoar D (i@, w)) o (@) (40)
7 NkeP()NS*(m u

Finally, if m = [, we have (as the graph is acyclic):

0?0l 02N}
owtowl, (,w) = owtowl,

(i (z, w)) (41)
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Extension for input nodes
Let N be an input node. Then we have:

o If j A1

therefore for all m:
———(z,w) = (42)

o Ifj=1:
9o’ ON! .
W(%w) = a—w(fﬂln(l)ﬂv )

therefore for m # I:
0?0l

Bulowy ) =0 )
and: 921 22N
0 N; .
i =t 44

4.1.3 Analysis

2 1
Bvoi
7 )
Qwy dwr

The general formula allows to compute recursively . In order to apply this formula, the following

values must have been computed:
6205
dwd dwm
by layer, from the input layer to the last one. It is very important to notice that computing the
Hessian matrix of o} implies to compute the Hessian matrices of 0’; for all N* belonging to P*(1).

for all k € P(l) (and for all 1 < ¢ < n¥). The formula must therefore be computed layer

k k
. 2;‘3 and ;Z;’n for all K € P(I) (and for all 1 < ¢ < nF). These first order differentials can be

cortnputed with the direct method or with the back-propagation method.

l
° % for all k and 7 in P(l) (and for all 1 < ¢ < n* and for all 1 < s < n"). This local

second order differential can be computed as long as we know the input of neuron N', i (z, w).
1
. % for all k € P(I) (and for all 1 < ¢ < n*). Once again, this local first order differential can
Tq

be computed as long as we know the input of neuron N'.

The obtained formula can rather easily be applied in order to obtain the second order differentials of the

output of the net. It is important to notice that a mixed algorithm can be used: we can indeed use the
605

7 dw]

back-propagation algorithm to compute the first order differentials (i.e. ) and then applied the direct

method for the second order computation.

4.2 The back-propagation approach

4.2.1 Local equations

In order to simplify the formulae, we use the following slightly incorrect notation: g—g:(x, w)
is the partial differential 6310? (X, w, ol (x, W)) With this new notation, equation 24 can be rewritten
in a scalar version: ,
J .
9ot . 9ot ONJ | .
% (z,w) = Z —O?(x,w) L (i (z, w))
ow! =1 Oog ow!
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Therefore, we have, when N' is an inner node and for N™ # N7, we have:

80 GNPy N do”
I () =Y ( L) Y i ((ww) g (mw) ()
dw] dw? et 00 NrePG)nS* (m )awtax , wy,
820é ONJ y
5 (x,w) Z (i (z,w)) )
Oog owm owy

The obtained formula is also valid for m = [. Equation 45 can be simplified when N™ = N!. In this case,
P(j) N S*(l) = 0 because N7 € P*(l) and the network is acyclic. Therefore, equation 45 becomes:

020! 292 ON] .
———(z,w) = ——(z, w = (¢ (x,w 46
SToer () q;ao;awg( ) ur (@) (46)
This equation does not seems to be an excellent choice for computing a—:gl‘—l, because it needs some non
L L
local second order differentials (the ; ail ) whereas the direct method, which computes 8312 gw = with
equation 40, uses only local differentlals and first order differentials. ’
When N™ = N7, we have:
920k n? 920} ONJ . Aol 9°NJ .
2% _ % (z,w)—2 (¥ (z,w)) + % (z,w) ——2L= (¢ (z,w)) (47)
Qwjowy, 1= \ Do 0w, ow 9o}, Ow] Owr,

Both formulae use local first and second order differentials (Jacobian and Hessian matrices of the consid-

ered node N7). They use also non local first order differentials such as g—g; which can be computed with

the help of the different algorithms presented in the NeuroColt report. They use finally a second order

differential ( Jzaoé ) which is the differential of the local output with respect to non local variables. As
the formulae are not recursive, we call them local formulae.

The main problem in order to compute the second order differentials with the back-propagation
approach is to compute the differentials of 2 5% . Two methods are available: a direct method and a
back-propagation method. It is important to notice that the computation of this differential for an input
node is not needed: we just have to apply the direct formulae given in subsection 4.1.2.

4.2.2 Direct differentiation of 60 ~: the hybrid method

The main idea is to apply the chain rule to the recursive definition of 2 o7 _ obtained in the back-propagation
theorem (theorem 2). Of course, as this function is constant when N7 ¢ P* (1), its differential is null in
this case. Therefore, the only interesting point is when N7 € PT(l). In this case, we apply equation 29
which scalar version is (with the new notation introduced above):

dol 80 3Nk
o} ww= > Z r(a,m (" (@, w))

NkeS(j)nP*(l) =1

If N™ & S(j), we have:

0?0l
Doloum ") = (48)
t
dol O’N} " do"
Z Z ( —k Z ) r(4,k) ) (k) ( (z,w)) Swm (wi)
NkeS()nP* (1) ¢=1 % NTeP(k)mS*(m) Lt €T u
020l 5Nk "
+ dokowp (x’w)a T(J,k) ( (2, w))
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When N™ € S(j), we have:

9?0l
dotowp ) = (49)
t u
.
c 52Nk do"
K
> X5 Y g () )
NkeS(H)NP*(1),k#m q=1 Nrep(k)ms*(m) x u
9o d?N™ m
S w) g (i (2, w))
0 Ox, " Jwm
k
L N
Y g @) g (@ w)
NkeS(j)nP*(1) g=1 % t

Both formulae are also valid for N™ = N but can be simplified in this case. Let N* be a successor of
NJ. If Nk ¢ P*(l), then BTOL = 0. If N*¥ € P*(l), then, as the graph is acyclic, P(k) N S*(l) = () and
therefore, for all N” € P(k), § 60 = 0. Therefore, when k # [, the first part of both formulae is null (i.e.,

goo,% le %6%1:: = 0). Therefore we have, for N' & S(j):
90 ey ONE
—— (z,w) = Z Z ( 7 (2, w) ! (zk(z w)) (50)
3 ) T( ’k) 3
doidur, NresGp@ =1 \ % 6w Oz
When N! € S(5):
2!
3j Ozl (z,w) = (51)
0oy 0w,

o 0?0l ONY 92N!
Z Z < Okawl 7w)a T(],k) ( k(%“’))) + aiN (il(x,w))

r(3:l) 5,1
N*eS(G)nP*(l) g=1 zy " Owy,

The four formulae presented here have a main difference compared to the local formulae obtained in the

, we need and this value will be obtained with

o] 0%,
9ol dw doy dwy
one of the four equations. Therefore, they are recursive equatzons
The main problem of this approach is that the obtained formulae are not symmetric at all. As the
considered functions are C?, the differentiation order does not change the results. Therefore, we have for
2 1 2 1
instance awaj ;Zm = awam(gwj. As the recursive formulae proposed with the previous approach and with
t u u t
the direct method are not symmetric, the computation cost depends on the chosen differentiation order.
But as explained in subsection 6.2.3, choosing an efficient differentiation order is a very complex task.
In order to avoid this problem, we introduce in the following section symmetric recursive equation which

allows to optimize easily the computation order.

previous section. In fact, in order to obtain

4.2.3 Back-propagation based differentiation of : the pure back-propagation method

The main point in the back-propagation method is that the output of the network depends on the
parameter vector w® only trough the output of node N*. This is of course also true for the differential
g—gj. Therefore, we can extend the idea of the back-propagation in order to compute the differential of
this function.

Let us first introduce a “free” differential, which generalizes to the differentials the “free” network

notion presented in section 2.3.3.
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Definition 12 Let G = (N F,<) be a feed-forward neural network. Let N', N7 and N™ be arbitrary

nodes. The function (g ;) from IxW xO™ to L(O7,0") (i.e., the vectorial space of linear applications

from O7 to O', to which belongs W(x,w)), s given by:

o IfNJ = Nt:
aol —m "
% (ZL',’UJ, f ) = Idoj (52)
o If NJ ¢P*(Nl):
(@) (z,w, f™) = 00s 0t (53)
o If NJ GP*(NI):
801 - m aol - m aNk k—m m
() @wrm= S (Gr) v Mg @ eesm) e
NkeS(HNP*(1)

—m —m
The abusive notation 2= (a_o’) (z,w, f™) will represent the partial differential of (2_1) with

do™ \ 0ol

respects to its third variable.

This new function satisfies important properties:

Property 7 Let G = (N, F,<) be a feed-forward neural network. Let N', N7 and N™ be arbitrary
nodes, and let x and w be respectively an arbitrary input vector and an arbitrary parameter vector for the
network. Then we have:

(52) " G = 256w 55)

Proof — This is a straightforward consequence of the definition. m

Property 8 Let G = (N, F,<) be a feed-forward neural network. Let N', N7 and N™ be arbitrary
nodes, with N™ & St(5) , and let x and w be respectively an arbitrary input vector and an arbitrary
parameter vector for the network. Then we have (for all 1 <i < ntand1<t< nJ)

9% o [\ " ON™
W(l‘,w) = Dom (80;) (m,w,om(m,w)) a—w (’L (EC,’UJ)) (56)
t t

—m
Proof — This property is based on the fact that (BOJ) (x,w, f™) does not depend on w™ (this is an

obvious consequence of the definition, as N™ ¢ ST (j)). m

The fact that this property cannot be used when N™ € ST (j) shows that the pure back-propagation

approach cannot be used in order to compute in this order. Therefore, for this part of the

%ol
computation, we must revert to the hybrid method or to the direct method (we assume in the rest of the
report that the direct method is used).

2 1 —m
The last thing to do in order to obtain 99 _ is now to compute the differential of ( ) . Its
o3 Ow™ Ool

recursive definition implies the following equalities (for all 1 < ¢ < nland 1 <t < nf):

o If N7 = NI I\ —m
g (0o
( 7’) (m,w,fm) = OOm,R (57)

do™ \ do]
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o If N7 ¢ P*(N'):

1\ —m
9 (a‘)?) (z,w, ™) = Opm. 1z (58)

do™ \ fo

The recursive case is more complex to study. The matricial equality 54 implies the following scalar
version:

ol ™"
(az) (x,w,fm):

do]
- ONE ok
Z Z ( ) (z,w, f™) T(fk) (OP(k)l_'m(x,w,fm), L P fm),wk)
NkeS(j)NP*(1) g=1 Oy
Differentiating this equation gives:
o [\ " ”
(907U” (ag) (.I',w,f )_
p" 2 ATk ,
0°N, doF (k) —m
m -k—m m m
Z Z(( k) z,w, f )ZW(Z (z,w, f ))W(%u&f )
NkeS(j)nP*(l) g=1 % r=1 0Ty xk v
0 (80- >Hm ONg .
+ - (z,w,fm) y 1 Hm("l:?w?fm)
dor \ ok ax:(y,k) ( )
Therefore, we have:
o [0\ " "
oy (aog) (s 0 ) = (59)
- 9Nk r
Z Z ( Z r(4.k) o, .r (r,k) (Zk(zaw)) g(())m (wi)
NEkeS(j)nP*(l) g=1 NTEP(k)mS*(m) 8x ox st

9 aoi m aNéC -k

+ Bor (80’;) (2, w, 0™ (2, w)) P (i*(z,w))

4.2.4 Symmetric formulae

I\ —m
A new function, (gz;i) has been introduced in the previous section. It is very important to notice
t
i\ —m l—j,m
that this function, which should be written (%']—) is totally different from ao'aoj Therefore,
the differentials of these functions are different. This is a really important result because it means that
—m —J
the differentiation order is important, i.e., we have: 72 (aoj) 0 (aom) . But, we have the
v\ 9o] do] \ 907
following property:
Property 9 If N™ ¢ S*(N7) and N7 ¢ S*(N™):
doldm ; oot "
é 7 (z,w,0 (z,w),7™) = 3 7 (z,w, ™) (60)
Ot 0t

Proof — This proof is based on a Lagrangian method. The basic idea is exactly the same as the proof
of the first order back-propagation given in [(].
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We first introduce a Lagrangian function:

k

ks k
Lé (ma w, T, )‘) = Til - Z Z (Tjk (Tp(k)l’ s 77-P(k)p ’wk))

keP*(l), kgzn j=1

S D ST e )

keP*()nIn j=1

The constraints of this Lagrangian function are satisfied when 7! = o' (2, w). In this case, for all \:

L (z,w,7,\) = o} (z, w)
Since the constraints are equivalent to 7 = h(z, w), we have, for all z, w and :

L (z,w, h(z,w), \) = of(z, w)

As demonstrated in the NeuroColt report, we can choose A so that aaLTé = 0. We have in fact:
If & ¢ P*(1), then:
oL
o7k

because 7% does not appear in the definition of L!.

'z, w, T, \) =

If &k € P*(1), different cases can occur:

e If k =1, then:

— If j # 4, then:
L

or l

L(x,w,T,\) = —)\é-,

because le- does not appear as input of a neuron (i.e., in the right part of the constraints), since

if there was some k € P*(I) such that P(k)? = N, then the graph would be cyclic.
— If j =1, then:
l

1
or;

(x,w, T, \) = —)\é-,
o If k £ [, then:
!

OL; o 1 p9
5, Jk (z,w,T,\) = f)\? Z Z pY: r(k,q) (TP(’I) ,o.., @ 7wq)

qeS (k)P (1) p=1

Let us now define C!(w, 7):

o If k & P*(1), then for all j:

Cllw,7)¥ =0
e if k =, then for all j:

Ci(w, 1)} = 04

e if k € P*(l), then for all j:

Cf(w,T)f = Z ZCl w,T) aaﬁ; 3 (TP(‘J)l, . ,Tp(q)pq,wq)
G

qeS(k)nP*(1) p=1 J
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The definition of C!(w, ) implies that:

1
6[;($ch( )):O

We introduce another Lagrangian function in which the constraints on N7 and N™ are removed:

Li_)jﬂn(xa w, T, )‘) = Til - Z Z )‘Z (Tlg - ng (TP(q)l’ s 7TP(q>pq ) wq))

q€P*(1),q¢In,q#j,q7#m k=1
nq
- Y (e o))
qgeP*()NIn,q#j,q#m k=1
The constraints in this Lagrangian function are fulfilled if and only if:
Vg, 79 = o?7™ (:L',’w,Tj,Tm)
Therefore, for arbitrary values of 77, 7™, x, w and ), we have:

Ll (z,w, K7™ (2w, 77, 7™) | N) = ol (z,w, 77, 7™)

Therefore, for any 77, 7™, x, w and :

Doy I : oL . : Oh—Im
715& (:L',U),T],Tm) = 7187‘ (z,w, h—am (x,w,'rj,Tm) ,)\) 57

Moreover, for ¢ # j, ¢ #m, ¢ ¢ P(j) and g & P(m):

(:L', w, Tj, Tm)

oLl—Im OL
#(m,w,ﬂ)\): L(x,w, T, A),
-

or4

and therefore: _
aLl.—)j7m
1

5ra (:c, w, T, C’f (w, 'r)) =0

We have also, as N™ & S(j):
6Ll._'j’m P! q
it S - (@) PP 4,4
577 (x,w,T,\) = E g p jq)( U ,w)
t qeS(j)NP* (1) p=1

Therefore, we have:

oLl—am l 4
7{% (z,w,T, Cl(w, 7)) = Cl(w, )}
i
Finally, we have:
aoll_’jvm Ll_U, . . aoq—nj,m
—r (z w, 7™ x,w, h™7 (x,w,'rJ,Tm) ,)\) — (z,w, T ,Tm)
do] pr S o1 do]
The definition of 0™~#™ implies that 22~ (z,w,77,7™) = 0. Moreover, as the network is not

60,{
cyclic, N7 € P(j) implies that N? ¢ S*(j) and therefore that aozoj (z,w,79,7™) = 0. If N7 € P(m),
then N7 ¢ S*(j) (the contrary implies N™ € S*(j), which is false). Once again, the consequence is

aoz;j m (:1; w, 7, m) = 0. Finally, when ¢ # j, g #m, ¢ € P(j) and ¢ & P(m):

l—j,m
or!

5 (z,w,T, C’f (z,w)) =0
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Therefore, we have:

Hol—im . LI | | | -
T (x, w, 7l , Tm) = # (1', w, h=om (:L', w, 7_]77_m) ) Czl (’LU, h=m (:L', w, T, Tm))) ’
t i
ie.,
Dol I m ; j j
e (@ r) = CL (b (0, 77)
0t

Finally, we have:

dol—Im ; j j

T ($7 w, o’ ($7 ’LU), Tm) = Czl (’LU, h=m (xv w, o’ (:L', w)a Tm))

t

But as N™ ¢ P*(N7), h—=m (z,w,oj (z,w),rm) = p—im (x,w,ojﬁm(z,w,Tm),Tm) =h7" (z,w, ™).

Therefore we have:

aol-_'j’m . aol —m
750]- (z,w, 0 (z,w),7™) = Cl (w, k™™ (z,w,7™)) = (805) (z,w,7™)
¢ t

Therefore, if N™ ¢ S*(N7) and N7 ¢ S*(N™), we have:
920l Im

dol dom

l —m
(z,w, o (z, w),7™) = 0 (a) (,w, 7™)

do™ (90{

Therefore, if N9 ¢ S*(N™) and N™ ¢ S*(N7), we have:

i(‘%ﬁ)ﬁm(z,w,om(z,w)) 9 <8_oi—>ﬂ' (2, w, o/ (2, w)) (61)

80;’? 60{ 60{ 80;’?

This means that, as long as the required conditions are fulfilled, it is possible to change the differentiation
order so that the time needed to compute the differential is minimized.

5 Error function

The most important practical use of the second order derivation is of course to compute the Hessian of the
error function of the network. This calculation is slightly different from what has been presented before
and the purpose of this section is to explain these differences. Its is based on the formalism described in
section 2.3.5. We consider here only the case of a real valuated output function, called £. Moreover, we

. . o . K
introduce (once again) a quite incorrect notation. %(z, w) stands for g%(z, w, o* (z,w)).

5.1 Direct method

The error function acts as an output node with no parameter and therefore, we shall use the following
formula, where N™ and N7 are two arbitrary nodes of the network:

k
02E " ok 92 o" 9E 920k
owl Owm Z Z a_q] Z Out(k) 5_Out(r) &zm T Guih) P) jaqm (62)
WiOWS'  Nkeouns+(j) i=1 \ O%t Nreouns(m) OTq Ox uw  Ozg wy Owy

Computing this Hessian matrix introduced exactly the computation cost as having a last node with no
parameter. The direct method implies to compute the Hessian matrix of each network node.
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5.2 The hybrid method

The back-propagation based methods use the following recursive equations (see theorem 3):
o if N¥ = Out’ (j = Out(N*) = Out(k)):
o€ o€

@(%w) = ol (G(z,w))
o if N¥ & Out:
o€ o€ oONJ .
Sk (W) = > 907 B W g wn (# (2, w))

NieS(k)
The first order differential of the error are obtained with:

o8 _ o ot
owk 9ok dwk

Therefore, the second order differential is obtained with the following local formula (when N™ # NJ):

n? 2 nTj r 2 J
_ Z Z 8 N} | do n 5 £ 3]\7? (63)
awgawm pour 80q NrePG)mS* (m) Ow] dxr(rd) Wyt oy Owm Ow]
When N™ = N7, we have another local formula:
o2 I o€ ONj 9E 0°Nj
Ow! dwl, Qolowl, dw] Dol dwl dwi,

The main difference between the case of the error and the general case is the way the starting values of
the back-propagation are handled. For the general case, we have gol = Id, a constant value and therefore

the second order differential is zero. In the error case, we have the following results:

o if N9 = Out* (k = Out(N7) = Out(j)):

0%E 0%E ao”
= (ww) =Y : 0 (65)
doj Oy NT€OutNS*(m) Q] O Out(r) Owiyt
o if N7 ¢ Out and N™ & S(j):
O’NF do" 026 ONE
a9 m Z Z 9ok Z r(5,k) . R aOm + Dok Owm r(fk) (66)
Qotaw N*eS(j o4 Nrep(ns«(m) 0% " Qar (k) 0wy 0q0Wu Oy
e if N7 ¢ Out and N™ € S(j):
2 n* 92Nk r
re L ¥ o -
] m k r(j,k (r m
0oy dwy] NredGkrm a5t \ 0% nrepiims(m 0710 02T (k) D
. o o6 ONE 9 9*N™
Niesy i \00GOwi gzt | 00 gpi ) g
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5.3 Pure back-propagation

As for a network node, it is possible to define (&)Hm. We have:

Ool
o if N7 = Outk:
o€ —m o0& 1_, out _,,, m
(%) (z,w, f™) = 5 (oOut ™ (z,w, fM), ..., 00" (z,w, f )) (68)
o if N7 & Out:
ENT™" .
(@) (z,w, ) = (69)
ag —m m 6Nk 1_)m m pk—vrn m
Z (ﬁ) (SE, w, f )8xr(i’k) (Op(k) (SE, w, f ); “ee ;Op(k) (l‘, w, f ), wk)
NkeS(5)

The corresponding local equation is (when N™ & ST (5)):

%€ g (0EN\NTT m oN™
Dolown Do (6—01) (,w, 0™ (z,w)) —— (i"(z,w)) (70)
The differentiation gives:
o if N7 = Out”:
0 < o€ >Hm %€ o"
il (z,w,0™ (z,w)) = —aomm (G@w) o= (z,w)  (71)
0o do! NTEQ;S*(W) Oz OxOut(r) 0o
o if N7 & Out:
o [(oENTT m
5 (55) o™ () = (72)
v t
2o 92N} , do"
Z Z < @(x’w) Z r(j,k) qr(’r‘ k) (Zk(m’w)) &)—m(x’w)
NkeS(j) ¢=1 q N7eP(k)NS*(m) O, Oxr(m v
o (oENTT" ONE
@ (6_0’;) (z,w, 0™ (z,w)) W (Z (wi))

It is easy to show that property 9 can be extended to include the case of “N! = £”. The consequence is
that the following equation holds as long as N™ ¢ S*(N7) and N7 ¢ S*(N™):

0 GE) (w0 0) = 2 (55 ) (w0 ) 73)

9o \ Do} Doy \ 0o

6 Complexity

In this section, we compute the theoretical time needed to compute the second order differentials of
the output of a node with respect to the parameters of its (generalized) predecessors. As the different
algorithms are based on recursive equations, we shall first introduce some general assumptions about the
way the computation time will be evaluated:

e If a is obtained from (b1, ...,b,) with the equation f (i.e., a = f(b1,...,by)), the time needed to
compute a is made of two parts: an equation part and a variable part:
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— The equation part takes only into account the time needed to evaluate f assuming that the b;
are already known. For instance, is a = by + bs, the equation part of this calculation is 1 (i.e.,
one complex operation).

— The variable part takes only into account the time needed to evaluate the b;.

e The different Hessian calculation equations use first order differentials of the node outputs and node
Hessian matrices: the computation cost of these values is not taken into account in this complexity
evaluation as the required values are nearly the same for the different algorithms. We can therefore
compare the differentiation algorithms without them.

We introduce here some notations that allow to simplify the complexity formulae:
o when A C N, |I4] = X niepayna 0’| If P(1) C A, we have |I}}] = [I'|. If P(I)N A = 0, then
PR
e when A and B are two subsets of N, |08 =3 vscunp |07], with [Of| = 0 when AN B = (;
e when A C N, |04] =X Nicouna |07], with |O4] = 0 when Out N A = 0;

e when P is a predicate, dp = 1 means that P is true and dp = 0 means that P is false. For instance
di—; = 1 is equivalent to i = j.

As the considered functions are C?2, the differentiation order for a second differential does not change the
. . 920! 9%
result: we have for instance Gwlowy = umow
not symmetric, their total costs depend on the chosen differentiation order. The purpose of this section
is also to explain how to choose this differentiation order so that the processing time is minimized.
Finally, we have introduced in the previous sections precise formulae for the differentials. These
E) l
Bo*
NF ¢ P*(1)). Of course, in the complexity evaluation, these facts will be taken into account, but in order
to simplify the presentation, the differentiation formulae will be recalled in simplified version in which all

differentials are used, even if they are equal to zero. For instance, we will write :

. As the formulae derived for the different methods are

formulae take into account the fact that some differentials are equal to zero (for instance (x,w) when

NI TN @2N! 9oP0)

dugowy  “— Ozfox" Owy
in spite of:
82Nll Z 62Nzl oo”

dxkowy - dakdxr () Qum

NTEP(1)NS*(m)

Both equations are equivalent, but the first one is simpler to write even if it does not show directly that
some differentials are equal to zero.

6.1 The direct method
6.1.1 Equation part

The direct method is based on equation 39. As we have:

PN I PN 9P W
(6.1.9) i B i :
dugwy  “— Ozgda™ Owy)

equation 39 can be simplified into:

) dok  &2N! ON! %0
(6.1.11) P Pea— Z Z kD) A m + (k) 9, ; m
ow] 8w 8wt Ozg "V Owm  Oxg Y Owy Owy

NkeP(l) ¢=1

THOMSON-CSF/AIRSYS/RDTE-594/96 09,/09/96 24



Second Differentials in Arbitrary Feed-Forward Neural Networks Fabrice Rossi

For fixed values of k£ and ¢, we need to compute:

dok 2N} NI 9%0F
(6.1.iii) 909 akl N, s %
6w§ amz( ’ )awT 81‘2( 6wt owm

l 2 a7l
As N* € P(l), % is a local differential and is always non null. As N™ € P*(]), JTJ;% is
Zq Tq Wy

k
also non null. The first order differential gz}qj is non null when N* € P(I) N S*(m). In this case, one

dok 2 N! o .
multiplication is needed to compute aoj % For similar reasons, when N* € P(1)NS*(m)NS*(j),
ON'! 9? o

one multiplication is needed to compute In the case, evaluating equation 6.1.iii implies

oz T(k D ow Ja m
also one addition. Finally, equation 6.1.iii has the followmg cost:

e 0 when N*¥ € P(l) and N* ¢ S*(m);
e 1 when N¥ € P(I) N S*(m) and N* & S*(j);
e 3 when N* € P(1) N .S*(m) N S*(j).

The obtained cost does not depend on ¢ which ranges from 1 to |O*|. Therefore, the obtained cost must
be multiply by |O*|. Moreover, for a given k, the following equation:

2L [ a0k 92N NI 0%k
(6.1.iv) Z( % __0 . o 4

= \ ow 9zt owm 9D dw] dwm

is obtained by summing the partial result which are non null when N* € P(I) N S*(m). As there are
|OF| values to sum, we use |O¥| — 1 additions, and the equation cost of equation 6.1.iv is:

e 0 when N*¥ € P(l) and N* ¢ S*(m);
e 2|0F| — 1 when N* € P(I) N S*(m) and N* & S*(j);
e 4|OF| — 1 when N* € P(I) N S*(m) N S*(§).

The result of equation 6.1.iv is non null when N* € P(l) N S*(m). But the result of equation 6.1.ii
is obtained by summing for N¥ € P(l) the equation 6.1.iv results. Therefore, this introduces |P(l) N
S*(m)| — 1 additions. Therefore, the equation cost of equation 6.1.ii is:

[Py NS (m)[ -1+ > (20F] 1) + > (4]0%| — 1)

Nke(P()NS*(m))—S*(j) NkeP()NS*(m)NS*(j)

We can easily group together the two sums and take out of the sums the —1. We obtain:

2 > |OF| + 2 > |OF| -1,

NkeP(1)NS*(m) NkeP(I)NS*(m)NS*(4)
which can be rewritten in:
Dej(w], w}]') = 2|IS*(m)| + 2|IS*(m)F‘|S*(])| (74)

The operations implied by equation 6.1.ii do not depend on ¢ and w values, therefore the complexity does
not depend on these values and we have:

Del(w?,w™) = [WW™] (21T (| + 25 (s — 1) (75)

THOMSON-CSF/AIRSYS/RDTE-594/96 09/09/96 25



Second Differentials in Arbitrary Feed-Forward Neural Networks Fabrice Rossi

We have modified equation 39 in order to obtain lequation 6.1.ii. The main idea of this simplification is
2

and does not depend on N7. Therefore, this value can be considered as an additional differential which

is calculated before computing oé Hessian matrix. As equation 6.1.i is based only on local second order

differentials and first order differentials, its total cost is equal to its equation cost. Its value is obtained

with the help of the following value (where N7 is a predecessor of N'):

that a part of the equation is in fact equal to But this value can be computed with equation 6.1.1

0?N! 9o

1. —
(6.1.v) Ak dzr () Jwir

This calculation is a simple scalar product and implies therefore 2|O"| — 1 but only when N™ € P*(r).
Therefore the cost is:
Y, @o-1

NreP(1)nS*(m)
Moreover, we must add the results obtained from equation 6.1.v. As there is |P(I) N S*(m)| values to
sum, this introduces |P(l) N .S*(m)| — 1 operations. Finally, the equation cost for equation 6.1.i is:

Once again, the operations implied by equation 6.1.i do not depend on ¢ and u. Therefore we have:

i

Del(o*,w™) = [0 W™| (2T (| ~ 1) (77)

afjiéﬁm must be computed for each N*¥ € P(l) (and for each N™ € P*(l)).

In equation 6.1.ii, the differential is used only when N* € P(I) N .S*(5), but as it does not depend on N7,
2 a7l

we can choose an arbitrary N7 € P*(N*¥) in order to have to use %.
§owy

The second order differential

The obtained equation cost for equation 6.1.i is in fact a part of the variable cost of equation 6.1.ii.

The particular cases presented in subsection 4.1.2 introduces different equation costs. In fact, all
equations but equation 40 have null equation cost as they are simple equalities. Moreover, equation 40
is exactly similar to equation 6.1.i: the calculation is the same and the only difference is that in spite
of using the local differential %, it uses %.
equation cost of equation 6.1.i and we have (when m # 1):

Therefore, equation cost of equation 40 is equal to

Dej(wi, w}') = 2§ (| — 1 (78)

i
Once again, the operations implied by equation 40 do not depend on ¢ and u. Therefore we have:

Del(w!,w™) = [W! W™ (2115 (|~ 1) (79)

%

6.1.2 Variable part

)

With the help of the transformation of equation 39 into equation 6.1.ii, we have changed the “variables’
2 1

needed to compute 99 Tn equation 6.1.ii, we need:

ngauﬂu’l
k
° ZZ)@ : this is a first order derivative and its computation time is not included into the variable cost;
t
2 a7l
) o N, this differential is computed with the help of equation 6.1.i, but as its value does

Bz;(k’l)g)w{f" :
not depend on N7, the total complexity of its computation must be directly included in the total
complexity of the oé Hessian computation;

m: the computation cost of this local first order differential is not included in the variable cost;
Lq
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ook . . . . . . :
57 ;‘Lm: this value is a part of o’; Hessian matrix. Its cost must be included into the variable cost.
t u

2 a7l

The “special” case of 5 implies that it is not possible to evaluate a partial cost for o! Hessian

i
z;(k’l)aw;"
820! .
—2i_because this cost must
Ow; dwr

matrix. Therefore, it is also impossible to evaluate a variable cost for

include a partial cost for 0’; Hessian matrix.
l

Computing m with equation 6.1.i does not imply a variable cost as we only need the following
q u

values:
2 a7l
. %: the computation cost of this local second order differential is not included into the variable
q
cost;
) 632(2 : the computation cost of this first order differential is not included into the variable cost.

Therefore, equation 6.1.i total cost is:

D!(o*, w™) = Del(o", w™) (80)
Finally, all particular case formulae (presented in subsection 4.1.2) have no variable cost as they use only
first order differentials or local second order differentials. Therefore:

Dlw!,w™) = Del(w!,w™) (s1)

i
6.1.3 Differentiation order

For the direct method, the variable cost is symmetric: indeed, this variable cost is the consequence of

recursive equation 39. But the only requirement of this equation is the Hessian matrices of N! prede-
2 1

cessors. Therefore, choosing a particular differentiation order (e.g., awaj ;;m) does not imply to keep this
t u

IOR

order for N! predecessors. Of course, we need for instance %6;—;, but as the considered functions are
t u

C?, this differential can be computed with the alternate order.

As the formulae of the direct method are not symmetric, their equation costs depend on the differ-
entiation order. When m # [ and j # [, equation 6.1.i has Del(w’, w™) for equation cost when we
choose to differentiate first with respect to w? and second with respect to w™. If we choose the alternate
differentiation order, the equation cost is now De!(w™, w?). In general, Del(w’,w™) # Del(w™,w’) and
therefore, the equation cost can be optimized by choosing the most efficient order. The best cost is:

Dol(w?,w™) = Do (w™,w’) = min (Del(w?,w™), Del(w™, w))
The values of Del(w’,w™) and Del(w™,w’) allow to simplify this equation and we have:
Dol (w!,w™) = [W[W™ (2L (uynse )| = 1+ 2min (125 oy 175 1) ) (82)

2 a7l
The additional value éﬂ%ﬁ needed by equation 6.1.i does not imply any order problem as og(k’l) is
g, Wi
a local variable.
2 1 820!

When N™ = N' or N7 = N, the formulae for —%— and L are exactly the same and therefore
Qwy{ ow Qw Owy

the complexity does not depend on the differentiation order. Therefore we have:

Dol (w',w?) = Dol(w’,w') = Del(w! w') = [W|[W7| (21k. ;)| ~ 1) (83)

%
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6.1.4 Total cost
For a given N™ € PT(l),

cost:

l
62];[1' as to be computed for each N¥ € P(I). This introduces the following

amg(k'L owm

> i w™) = (W (21| = 1) D0 1OF = W (21T |~ 1)

NkeP(l) NkeP(l)

2
Therefore, the total computation cost implied by w?’v+ for oé Hessian matrix is:
o v

i
i
owr

(6.1.v) ey W (2|ﬂs*(m)| - 1)

NmeP+(l)

2 1
In order to compute o! Hessian, we need to compute Bu?l ;;m for each N™ € P*(l). As this calculation
t u

has no variable cost, its total cost is:

(6.1.vii) > Doy =W ST W (2 1)

NmeP+(l) NmeP+(l)

2 1
In order to compute o} Hessian, we need to compute J—j;ﬁ for each N™ € PT(l) and for each

N7 € P*(l). This introduces the following equation cost: '
Z Dol (w?, w’) Jrl Z Dol (w?, w™)
v 3 Y 2 3 Y
NieP+(l) N™eP+(l), m#j
This equation can be simplified into:

_ . 1
> W < > W |(mm<|ﬂS*<m>|’|ﬁ9*(a‘>|)+|I§*(j>n5*(m>|_§)
0

NigP+ NmeP+(l), m#j
+ W (4|Jg*(j)| - 1) )

A last simplification gives:

; m . 1
(6.1.viii) g |[W7| ( E (W™ (mln (|Ifg*(m)|, |IZS*(J»)|) + |If9*(j)ms*(m)| - 5)
)

NieP+(l NmeP+(l)

, 1
+ WY <2|Ils*(j)| - 5) )

Let us now compute the complete equation time needed for the computation of oﬁ Hessian. To the
2 a7l

previously obtained cost, we must add the total time of BT?TJ;% computation, which is given by
Lq W

equation 6.1.vi. Finally, the complete equation time needed for the computation of oé Hessian is:

j m . 1
NieP+(l) NmeP+(l)
; 1
+ [W| (2|Ils*(j)| - 5) + (1Y + W) (2|IZS*(j)| - 1) )

This last cost does not depend on 4 (that’s why the chosen name for it does not recall the 7).
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Let us call H} the time needed to compute o! Hessian for all i in [1,n']. This complexity is the total
time needed for the computation, including the variable cost of each equation. As explained in subsection
6.1.2, the variable time of oé direct computation equations is the total time needed to compute 0’; Hessian

matrices where N* € P(l) (and ¢ € [1,n*]) and therefore is equal to:
>, Hi
N*eP(l)

But this variable time must be included only one time for all 7, because the needed Hessian matrices do
not depend on i and can be computed only once and reused for each i € [1,n!]. Each time these values
are used, the complete equation time is spent. Therefore, we have the following recursive relationship
between the total time needed to compute the various Hessian matrices :

Hy= Y Hj+|0'D! (85)
NkeP(l)

Of course, when N! € In, Hcll =0.

6.2 The hybrid method
6.2.1 Equation part

The hybrid algorithm is based on several different formulae: two local equations (45 and 47) and two
recursive equations (48 and 49).
1. equation 45 (i.e., local equation when N™ # N7 and N7 # N'):
As we have: l
2 ATd P 2 NTd "
8‘]\7({ _ Z 0 Ng 9oP )
Ow! dwm owldxr Owypr

r=1

(6.2.1)

equation 45 can be simplified into:

020l » <60§ 52Ng 0?0l 5Ng>

(6.2.1) Dod D T D Gupm T 9w Ow!
Qwidwyr 1= \ 9og dwydwyr  Dogdwiy dwy

For a fixed value of ¢, we have to compute:

dok  9*N] 9%, ON]
—— + —— _
ol dwowr ol dwr dwy]

(6.2.ii)

2 NI
9*N;

J m
Qwy Ow?]

. l
As N7 e PT(l), gz; is non null. When N™ € P*(j), is also non null. In this case, one
q

9ol _O*Nj j + m + 0%0;

Dol GwlowT As N7 € P*(l) and N™ € P*(l), Bolour 1 always
ONJ . . 8%! oN]

non null. Moreover ——% is also non null and one product is needed to compute —+ 2
dw Qo 0w dw;

. When
t

N™ € P*(4), one addition is also needed to compute equation 6.2.iii. Finally, this equation as the
following cost:

product is needed to compute

e 1 when N™ ¢ P*(j);

e 3 when N™ € P*(j).
The obtained cost does not depend on g which ranges from 1 to |O’]. Therefore, the obtained cost
must be multiplied by |O7]. Moreover, equation 6.2.ii is obtained by summing equation 6.2.iii results

for the different values of g. As there are |O7| values to sum, this introduces |07] — 1 additions.
Therefore, the equation cost of equation 6.2.ii is:
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e when N™ & PT(j):
(6.2.iv) Hel(w], w) = 2|07 — 1

e when N € P*(j):
(6.2.v) Hel (wt, ™) =407 -1

The § notation allows to simplify the obtained equation and we have for the general case:

He (’U_)t, )72(1+5Nm€p+ )|Oj|*1 (86)
As equation 6.2.ii does not depend on t or u, the “total” equation cost of this equation for all ¢ and
u is:
Hel(w? ,w™) = [WI[W™] (2 (1 + Snmep+(s) [07] — 1) (87)
2 N
The computation of ajj;zm is based on a sum of the following values (for N € P(j5)):
O*°Ni  dor
(6.2.vi) i
awg 81‘T(Tvi) 8w1’7
As a local differential, % is assumed to be non null. When N” € S*(m), 68"; is also non
w; Oz »J w,,

null and formula 6.2.vi is a simple scalar product which implies 2|O"| — 1 operations. Therefore, as
this value is computed for each N € P(j) N S*(m), we have a total cost of:

> (207 = 1)

NTeP(j)NS*(m)

- . 9’Nj] . . .
Moreover, we must add the values of formula 6.2.vi in order to obtain ———— with equation 6.2.i.
t u

This introduces |P(j) N .S*(m)| — 1 additions. Therefore, the equation cost of equation 6.2.1 is:

(6.2.vii) 2 > 07 =1 =2TL. | =1
NTeP(j)NS*(m)

It is important to notice that this value is valid only if N™ € P*(j). If this is not the case, the

2\
complexity is null. Moreover, % must be computed for each ¢ and therefore the complexity

t u

. 2

must be multiplied by [07]. The obtained differential, %
its computation can be separated from equation 6.2.ii. Its final computation cost (for all values of
t and w):

does not depend on i and therefore

HeNj(w!,w™) = Sxeps ) W/IW™| (2. ()| 1) (88)
Finally, the equation cost of equation 45 for all values of ¢t and u is therefore:
Hel(wl,w™) = Hel(w?,w™) + 07| HeNj (w!, w™) (89)
We must notice that the second part of this cost covers calculations that do not depend on <.

2. equation 47 (i.e., local equation when N™ = NJ):

This equation is a sum of the following terms:

%, ONI 0o 0PN

3

dolowl, Ow] Dol Ow] dw?,

(6.2.viii)

As N7 € P*(l), each partial differential of this formula is non null. Therefore, for a fixed g,
equation 6.2.viii introduces 3 operations. This complexity does not depend on ¢, and therefore, the
total amount of operations is 3|07|.
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Moreover, equation 47 sums the partial results and, as there is |O7| results to sum, introduces
|O7| — 1 operations. Finally, the equation cost of equation 47 is:

Hel (w],wl) = 4]07] -1, (90)
and therefore: o ‘ ‘
Hel(w!,w?) = [WI[2 (4107] 1) (o1)
3. equation 48 (i.e., recursive equation when N™ & S(j)):

As for the other equations, we can simplify equation 48. In fact, as we have:

k
PNE I PNE 00rw
ax:(J’k)aw;” p— QIZ(J’k)ﬁxT owp

(6.2.ix)

)

equation 48 can be rewritten into:

52 l Ol- aQNk 6201_ aNk
2. i q
(6.2) 80i3wm 2 Z ( T(]’k)awm * dogowy ooy Ok

NkeS(j) q=1
Therefore, for fixed value of N* we shall compute:
- <ao 92NF 9%,  ONE )

6.2.xi - -
( Xl) qz; Hok r(g,k)awzI 80’;810’“” 3z:(]’k)

and for fixed value of ¢:
8011. (92]\7(;c 82011. 8N§

(6.2.xii) 9 & . ‘
805 3z:(]’k) owm (90’; owm 8z:(]’k)

Nk
The partial differential qu) is a local value and can be assumed to remain non null. When

Nk € P*(l), we have 2% # 0, but when N* = N, 2% — 5, Therefore, when N* € P*(l)

60’; > ok
and N™ € P*(l) _ %0 is non null but 2% = Finally _oN, is non zero when
’ dokowm 3ol dwm : " 92T gym

N™ e PT(k). We have therefore the following different cases:

o if N & Pt(k):

820t aNk

— if N* € P*(1l), one multiplication is needed to compute WW,

— if N* ¢ P*(1l), equation 6.2.xii is null.
o if N™ € P¥(k):
— if N¥ € P*(l), no partial differential is null and therefore 3 operations are needed to
compute equation 6.2.xii;
— if N¥ = N, we need no operation at all, but the result of equation 6.2.xii is non null when
q=1i (it is ﬁw—m)
— if N* ¢ P*(l), equation 6.2.xii is null.

For a given k, the results of equation 6.2.xii for ¢ ranging from 1 to |OF| are summed. If N* # N',
the complexity of equation 6.2.xii does not depend on ¢, and therefore the total complexity is
obtained by multiplying the results by |OF|. Moreover, the summing process introduces |OF| — 1
additional operations. When N* = N! (and N™ € P*(k)), equation 6.2.xii has a null result except
for ¢ = i. Therefore, we have nothing to sum and the complexity remains null (because computing
equation 6.2.xii result for ¢ = ¢ does not introduce any operation). Finally, we have the following
costs:
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o if N & P*(k):
— if N* € P*(I): 2|0 - 1;
— if N* ¢ P*(1): 0 (equation 6.2.xi result is null).

o if N™ € Pt(k):
— if Nk € P*(1): 4|0F| — 1;
— if N¥ ¢ PT(): 0 (when N* # N', equation 6.2.xi result is null but when N* = N' it is

not).
The results of equation 6.2.xi have to be summed in order to obtain equation 6.2.xii. There is

exactly |PT(1) N S(j)| terms to add when S*(m) N S(j) = 0 and |P*(1) N S(j)| terms in the other
case. Therefore, the equation cost of equation 6.2.xii is:

(62Xlll) Hei(oi,w’u") = 65(]’)01’*(1)—5’*(771)#@ Z (2|Ok| — 1)
NkeS(5) NP+ (1), NkgSt(m)
+ 05()NP+ )N+ (m)£0 Z (4]0% 1)

NkES()NP+(1)NST(m)
+1SG) NPT ()] + s+ (myns(j)£00ntes() — 1
When N' € 5(j), ST(m) N S(j) # 0 because N™ € PT(l). Therefore dg+(m)ns(j)£00ntes() =

dnies(j)- Moreover, [Of| = 0 when B = 0, therefore dp49|O5| = |O5|. The different sums of
equation 6.2.xiii can be simplified and we obtain:

o » »
Hel(of,wi) = 210571 + 210570 gt | + Iviesiy — 1 (92)
Therefore, for all values of ¢t and u, we have:
o »
Hel(o,w™) = |07 |W™] (21059 | + 2059 g | + Ontesiyy — 1) (93)

2 a7k

The computation of 5 is based on a sum of the following values (for N” € P(k)):

q
r(4,k) m
T, ow?

82]\75 do"
81.;'07@ axr(r,k) 8w7u”

(6.2.xiv)

2 k
As a local differential, 5 oN

Wq(k) can be assumed to remain non null. When N™ € P*(r),
~ o (T,

do”
owm

Therefore, as equation 6.2.xiv is evaluated for each N™ € P(k) N S*(m), it implies the following

cost:
> (2107 -1)

NTeP(k)NS*(m)

is also non null and formula 6.2.xiv is a simple scalar product which complexity is 2|O"| — 1.

Moreover, equation 6.2.ix implies to sum the partial results obtained from equation 6.2.xiv, we
introduces |P(k) N S*(m)| — 1 operations. Therefore, the equation cost of equation 6.2.ix is:

(6.2.xv) 2 > 07| =1 =2[I§ (| — 1
NTeP(k)NS* (m)
2 k
As 2N must be computed for each ¢, the complexity must be multiplied by |O¥|. Tt is

q
Bm:(j’k)é)w{f"
important to notice that the value does not depend on i. Moreover, it has to be computed only
when N* € S(j) N P*(1) N S*(m). The complete complexity is therefore:

HeNE(o), w™) = Sxkep- s+ (m| O IW™] (2115 (| = 1) (94)
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Finally, the equation cost of equation 48 for all ¢ and u is:

Hel(o/,w™) = Hel(o),w™) + > |OF[HeNJ (o), w™) (95)
NkeS(j5)

4. equation 49 (i.e., recursive equation when N™ € S(j5)):

Equation 49 is nearly identical to equation 48. With the help of equation 6.2.ix, equation 49 can
be simplified into:
&%

(6.2.xvi) ——1 =

ol dwm

2 nrk n* k I 2 A7m
> OSM_ PN s S PN o
ok (%L‘T(J’k)aw aokawm T(J,k) oo™ 893:“’7")81017

NkeS(5),k#m q=1 NkeS(j5) q=1

The first part of this equation is:

k

o 00% 52N§

(6.2.xvii) "9
1 30’5 ax:(]’k) owm

NkeS(j),k#m ¢=

A very similar equation was studied as part of equation 48. It is easy to show that the equation
cost of equation 6.2.xvii is given by the following formulae:

e when S*(m)NS(j) NPT (I) = 0: the cost is 0;
e when S*(m) N S(5)NPT() #0:

S
(6.2.xviii) 2|Op(+]21 ms+(m)| — 1+ 0ntes()

The first part is non null when S*(m) N S(5) N P*(1) # 0.

The second part of equation 6.2.xvi is:

k
. o 9%, ONF
(6.2.xix) Z Z okawm o)

NkeS(j5) q=1

A very similar equation was studied as part of equation 48. It is easy to show that the equation
cost of equation 6.2.xix is given by the following formula:

-
(6.2.xx) 2105 -1

It is important to notice that when S(j) N PT(I) = (), the second part is null and therefore, the
related cost is also null.

. . . . 9ol 92N™
The third part of equation 6.2.xvi, i.e., 5% 92 ™ g

product and therefore the following cost: 2|0™| — 1 (when N™ # N'). When N™ = N!, there is

no additional computing cost as % = Id.

is always non null and imply a simple scalar

Finally, equation 6.2.xvi is computed by summing the three different parts which implies at most 2
additions. We have therefore the following equation cost for equation 6.2.xvi:

5(j S(j m
Hel (o, w™) = 2 ‘op(jg”‘ 42 lopﬁﬂgl)msﬂm)] +Onies() + Omar (210™] = 1) (96)
Therefore, for all values of ¢ and u:

m m S m
Hel(o!,w™) = 107[W™] (2|0590 | + 2|03 sty | + Ovicss) + Bmanr (2107 = 1)) (97)
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2 ark

Equation 6.2.xvi uses the differential 5 in exactly the same way as equation 6.2.x. But

q
mT(j'k)auﬂu"
the equation cost of equation 6.2.ix, which is used to compute this differential, does not change
whether N™ € S(j) or not. Therefore, the equation cost of equation 49 is completely determined

and given by exactly the same equation as for the equation cost of equation 48 (i.e., equation 95).

6.2.2 Variable part
1. equation 45:
Equation 45 has been split into two equations (6.2.1 and 6.2.ii). In equation 6.2.ii, we need:

1
. gsj- (for all ¢): the computation time of this first order differential is not included into the
q

variable cost;

o« 2N (for all ¢): this differential is computed with the help of equation 6.2.i. The main

sz owm
problem is that the result does not depend on i and therefore can be used for arbitrary value

of i. The variable cost linked to this value is in fact the total cost of equation 6.2.i;
%ol
60&6111;"

or 49. Therefore the variable cost related to this value is the total cost of this equation;
ON] . . . L1 . . .
° BZ‘} : the computation cost of this local first order differential is not included into the variable
t
cost.

(for all ¢): this differential will be recursively computed with the help of equation 48

In equation 6.2.i, we need:

82NJ
e — 94
Ow] oz (k.9
not included in the variable cost;

(for all N* € P(j)): the computation cost of this second order local differential is

o 20 (for all N¥ € P(j)): the computation cost of this first order differential is not included

owm
in the variable cost.

This analysis shows that equation 6.2.i has a null variable cost. Therefore, its total cost is:
HN})(w?,w™) = HeNj (w? ,w™) (98)

2. equation 47:

This equation needs the following “variables”:

ON? 9ot 9°NJ . . . .
2 22 and —=%+: as they are first order differentials or local second order differentials,
ow]’ doy w;] dwy,

the computation cost of theses values is not included in the variable cost;

Oo; . this value will be computed with the help of equation 48 or 49, and will therefore

J J -
oy 0wy,

introduce as variable cost the total cost of one of the recursive equation.

3. equation 48:

This equation has been split into two equations (6.2.x and 6.2.ix). Equation 6.2.x implies to compute
the following value:

k

1
° gg,i and %: the computation time of these first order differentials is not included into the
q Oy
variable cost;
92Nk . s . . .
° Ny this differential is computed with the help of equation 6.2.ix. Therefore, the

6z:(j’k)6w;" ’
variable cost related to this value is the total cost of equation 6.2.ix. As for equation 6.2.i, we
must notice that the obtained differential does not depend on ;
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%ol

q
* Boz(j'k)auﬂu"
cost of this computation must be therefore included into the variable cost of equation 6.2.x.

(for all ¢): this value is recursively evaluated with equation 48 or 49. The total

2 nrk

9P )"
d Oawm
first order differentials has not to be included into the variable cost. Therefore, the variable cost of

equation 6.2.ix is null and its total cost is:

Equation 6.2.ix implies only to compute : the computation of these local or

q
Bz:(]’k)amr

k j my __ k j m
HNj (o, w™) = HeNj(o’,w™) (99)

4. equation 49:

The case of equation 49 is very similar to the case of equation 48. In fact, it is easy to see that the
variable cost is the same for both equations.

6.2.3 Computation order and total cost

The main problem of the hybrid method is to choose the differentiation order for each pair of nodes.

2 1
Let us assume that we choose to compute 6} ;wm (with this order). The recursive calculation method

where N* € S*(j). A direct consequence of this computation is that we can
920!
dwkowm *
. 2 1
Let N* be a generalized successor of N7 (i.e., N*¥ € S*(5)). The differentiation order can be ﬁﬁ
or the opposite, and therefore, the chosen order for (N7, N™) introduces a constraint on the rest of the

ol for all N4 € S*(m). The

implies t t _ 0%
implies to compute s,

use the local equations (i.e., equations 45 and 47) to compute

computation. If we choose to compute we must compute

wmawk) Pa k

second differential 57 a' 7 might be useful for N™ € St(m). Therefore, the only “superfluous” terms are
the 5 2mstr for g € om)

Let us assume that N¥ # N™. Then is computed (in this order) with the help of equation

6202
K aw‘lgaw;‘n
. As Wg)iﬁ is already known (for all s), the total cost of this equation reduces to its equation cost.
ThlS cost (for all s and w) is

6.2.xxi C' = Hel(w®,w™) = |OF|HeNF(w*, w™) + Hel (w", w™
7 1
2 1
The computation of awamgiuk introduces also equation 45 equation cost, i.e.:
6.2.xxii C? = Hel(w™, wh) = |O™|HeN™ (w™, w") + Hel(w™, w*
a 7 1 7

We need also to evaluate the equation cost of the computation of the “superfluous” terms. Their compu-
tation is based on equation 48 (we assume that N* ¢ S(m)). The equation cost of this equation is (for
all ¢ and s):

(6.2.xxiii) C? =Hel (o™, w") = Hel (o™, w") + Z |OP|HeNP (0™, w")
NreS(m)

Therefore, we can compare both methods by computing C! and C?:
(6.2.xxiv) C? = C% + CF = Hel(w™, w") + Hel (o™, w")

e if N™ € PT(NF) then:
L= W (108 (2126 oy +3) —1)
As Nk ¢ PT(N™):
2= [WHW™ 20™] - 1)
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In general, the output dimension of the considered neurons is constant (and equal to one). Therefore
we can assume in general that C1 > C2. This result means that we must directly compare C! to
C?. If we assume that the neuron output dimension is equal to 1, we have:

Cto= 2AWEIWT(IP(k) N S™(m)| + 1)
Ca = [wHiw™
CZ = [WH (2[S(m) N PF()| + 2S(m) N PF(I) NStk + Sniesm

+S(m) 0 P* (1) N ST (K)|(2|P(p) N S™ (k)| — 1) — 1)

In general, the output dimension of a neuron is smaller than its parameter number. On an intuitive
point of view, C7 is therefore smaller than C*. Therefore for standard model, we may assume that
C! > C?. Moreover, by allowing |WW™| to take arbitrary values, it is obvious that C! will grow
faster than C?. Of course, it is always possible to build a particular architecture in which this is
not the case.

e if N ¢ PT(N¥) and N¥ ¢ PT(N™) then:

cto= [WHwm 210" - 1)

Ci = [WmWF (2107 - 1)

In this case, general assumptions allow us to conclude that C! ~ C2. Therefore, in this case
C' < C?. Once again, it is always possible to build a particular architecture in which this is not
the case.

The main conclusion of this short study is that it is not possible to assume that changing the differentiation
order for (N*, N™) is time consuming. Therefore, in order to compute the Hessian matrix of o}, we must
choose a computation strategy: this is approximately a list of second order differentials to compute.

In fact, a computation strategy is pair of subsets of N2 (A is the neuron set) (£, R) which fulfills
the following conditions:

e VNI € P*(l), YN™ € P*(l), with j # m, either (N7, N™) or (N™, N7) belongs to L. L is in fact a

the set of ordered pairs of node. If (N™, N7) belongs to £, we will compute
with the help of the local equation.

920;
W in this order

e VN7 € P*(l), (N7, N7) belongs to L.
e V(N7,N™), (N7, N™) € £ implies that for all N* € S*(5) N P*(l), (N¥,N™) € R.

It is quite obvious that, given a computation strategy, we can compute the Hessian of ol if we compute
2 1 . l .

% in this order for each (N™, N7) € £ and Tai ~ in this order for all pair (N", N7) € R. The

total computation time for the strategy (£, R) is therefore

HUL,R) = Z Hel(w™, w?) + Z Hel(oF, w?)

(N™ ,NI)eL (Nk,NI)eR

It is nearly impossible to compare all the different possibilities for (£,R). In fact, for n nodes, we have
M pairs of distinct nodes. Therefore, we have 2™ different values for £. The above short study
shows that in the general case, it is not possible to snnphfy this choice and therefore, the only way to
compare the different strategies would be to compare the different costs: this is not practically possible

because of huge number of strategies.
2 l .
We must be aware that the differentials —I;L must also be computed for each N7 € P*(l). In this
case, the differentiation order is even more 1mp0rtant than in the previously discussed situation. If the
order (N!, N7) is chosen, we use the direct method for this computation. The other order imply the use
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of the hybrid method and therefore the computation of - A a T for all N* € S*(j). We must therefore

add a local strategy to the previously defined computatlon strategy. This is a pair of subsets of N/, D

2 1

and H. We have DN'H =0 and DUH = P*(l). When N™ belgons to H, we compute 6fm(gwl in this

for all N*¥ € S*(m). When N™ belongs

order, with the hybrid method, which implies to compute a - a T

2 1
to D, we compute Bu?l aoqj;m in this order, with the direct method which does not imply any additionnal
t u

computation. If we call H’ the set defined by H' = {N* € N'| P*(N¥)N'H # 0}, then the use of the

hybrid method implies to cmopute the 0% for all N¥ € ‘H’ and that’s all. The total cost for a local

ka
strategy is therefore:

(6.2.xxv) Z Hel(w?,w') + Z Hel(oF wh) + Z Del(w!, w)

NieH NkeH' NJIeD

6.3 The pure back-propagation method

The pure back-propagation method introduces an additional step during the calculation of the second

order differentials. This method uses first a local equation (45 or 47) which allows to compute %260 ; - 88
a function of - 6 . Then, it uses a new local formula (equation 56) which allows to compute 507 awm as
a function of 57 (goj) m. Finally, a recursive equation (57, 58 or 59) allows to compute 5% (a )

as a function of 52 (ggé)ﬁm, where NP € S*(5).

6.3.1 Equation cost

1. equations 45 and 47:
These equations have already been studied in the previous subsection. The fact they are used here
for the pure back-propagation method does not change their complexity.

2. equation 56:
Equation 56 has the following scalar version:

0?0l < ( 0; >Hm ONI"
6.3.1 : £
(6.31) 00% awm Z dom \ o] ow;

s=1

) 60;”

. 1\ —m
This equation has to be used only when N7 € P+ (N'). In this case, as N™ € PH(l), 52 (g—;?)
t
and ngn are never null. Therefore, for each s, we have one multiplication. Moreover, we must sum
the obtained products: this introduces |O™| — 1 additions. Finally, we have the following equation

cost:

Pel(ol,w) = 2|0™| —1 (100)

And therefore, for all values of ¢ and w:
Pei(o,w™) = |07 [|[W™| (2/0™] - 1) (101)

3. equation 5H9:
As we have: .
82N4C P 62N(§C doF (k)"

am:(j’k)amum B 10m:(j’k)8mr doy

(6.3.ii)

r=
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equation 59 can be simplified into:

0 (YT 5~ (0PN 0 (ouyT o
dor \ do} - 00f 9N ggm Do \ Dog AR

NkeS(j) a=1

(6.3.iii)

This equation is exactly the same as equation 6.2.x. The only differences are the involved “variables”:
2Nk: aQNk

e equation 6.3.iii uses whereas equation 6.2.x uses

Bz:(j’k)qazzl Bm:(j’k)gw{f' ’

Both differentials are null for the same conditions (i.e., when N™ & P*(k)). In both case, we
cannot have N™ = N* (for the hybrid method, N™ ¢ S(5) and for the pure back-propagation,
N™ & S¥(4)). Therefore, both “variables” behave exactly the same way in both equations.

. o 602 -m : 6202 .
e equation 6.3.iii uses Bor (60,; whereas equation 6.2.x uses BoFouy

Once again, both differentials are null for the same reasons (i.e., when N* & P*(I) or N™ ¢
P*(1)). Therefore, both “variables” behave exactly the same way in both equations.

As the other variables of both equations are equal, we can conclude that the complexities of both
equations are equal, and therefore, the equation cost of equation 6.3.iii is (after simplifications linked
to the fact that N™ & ST (5)):

o » »
Pel(of, 07) = 20290 [+ 21027 sy — 1 (102)
Therefore, for all values of ¢ and u, we have:
o o »
Pel(o,0™) = [07]|0™] (21029 | + 2059 g oy~ 1) (103)

Equation 6.3.ii is very similar to equation 6.2.ix but the involved variables do not behave in the
same way and the complexities are therefore different. Equation 6.3.ii sums the following values (for

N" e P(k)):
O’NE do"
(6.3.iv) s 0
ax:(]’ ) g (r.k) Do
2 \rk -
As alocal differential, % can be assumed to remain non null. When N™ € P*(r), ggm

is also non null and formula 6.3.iv is simply a scalar product which complexity is 2|O"| — 1. When

N™ = N", goom = Id and therefore, formula 6.3.iv is only a selection process (which keeps one term
O°NY¥

of the vector m

for each N” € P(k) N S™(m), it implies the following cost:

> (207 -1)

NreP(k)NST(m)

): this operation has no computation cost. As formula 6.3.iv is evaluated

Moreover, equation 6.3.ii implies to sum the partial results obtained from equation 6.3.iv and
there are |P(k) N S*(m)| values to sum, which introduces |P(k) N S*(m)| — 1 operations. As
|P(k) N S*(m)| = |P(k) N ST(m)| + dnymep), we have finally the following equation cost for
equation 6.3.ii:

NTeP(k)NS+(m)

RN
It is important to notice that 5 oN does not depend on ¢ and as to be computed for each ¢,

q
r(3:k) 5,.m
T, (o234

but only when N* € P*(I)N.S*(m). The complete complexity for all values of ¢ and u is therefore:

PeNy(0?,0™) = nrep-yns+(m)| O’ [|O™] (2|]§+(m)| +OoNmep(r) — 1) (104)
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Finally, the equation cost of equation 59 for all ¢ and all u is:

Pel(o),0™) = Pel(o?,0™)+ > |O"|PeNk(o7,0™) (105)
NkeS(j5)

4. equations 57 and 58:

Obviously, these equations do not introduce any computation.

6.3.2 Computation order and total cost

The main difference between the pure back-propagation and the hybrid algorithm is the symmetry of the
recursive equations. The main problem is to choose the differentiation order for “independent” nodes.
N7 and N™ are said to be independent if N™ ¢ P*(j) U S*(j). The notation for this independence
relationship is N7#N™. This relationship is symmetrical. Let us call #(I) the part of N2 given by:

#(1) = {(N™,N7) € PT(l) x PT(I) | N™#N7}

. 2 1
If N7#N™, the differential can be computed with this order: —2-%— or with the opposite order. But

Bw{ dwm’
as the nodes are independent:

R AL *J’_ 8%}
dom (90{ B 30{ dom B 8011-301’}”

1\ —m 1\ —m
If we choose to compute =2 (aoi) , then we will need 2 (aoi) where N¥ € S*(j). The main

907 \ ol o \ dok
problem for the hybrid method was that the chosen differentiation order for N7 and N™ implied the
same order for N¥ and N™. This is no more the case for the current approach, because if N¥#N™,

1\ —m 1 —k
afm (gg};) = % ( g;;;) and therefore, the opposite differentiation order can be chosen for the

(N*, N™) pair. This result implies that the computation can be optimized for each pair of independent
nodes. The minimum cost is obtained by:

(6.3.vi) Mel (07, 0™) = min (’Peé (o7,0™) + Pel (o, w™) + Hel (w?, w™),
Pel (0™,07) + Pel (o™, w?) + Hel (w™, w') )

%ol . A
i ao :— (without taking into account
wy dw

t u

We have therefore the following equation cost for computation of

the recursivity):

e if N! is an input node, we have: ‘
Mel(w?,w™) =0

e if N! is an inner node, we have:

—ifj=1
x if m #£ [
Mel(w!,w™) = Del(uw!,w™)
* if m=1:

Mek(w!,w') =0
— if j # 1 (and of course m # [, because of the symmetry of the problem):
* if m = j:

Mek(w?,w?) = Pél (07, 07) + Pel (o7, w?) + He! (w?, w?)

i
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s if m # j:
- if N™ € P*(j):
Mel(w?,w™) = Pel (o, 0™) + Pél (o ,w™) + Hel (w, w™)
S if N™ e ST(j):
Mel(w?,w™) = Pe (o™, 07) + Pel (o™, w’) + Hel (w™, w)

~if N™ ¢ St(j) and N™ & P*(j): we can optimize the differentiation order as ex-
plained before (see equation 6.3.vi).

Therefore, the total computation cost for the Hessian of ol is:

%Z oMl wl)+ Y Ml (wd,w™) (106)

NieP+(l) NmeP+(l),m#j

7 Complexity with an error function

7.1 Direct method

We can considerer the error function £ as an output node. In this case, equations 39 and 62 are identical (as
P(&) = Out). Therefore, the equation cost of equation 62 is equal to equation cost of equation 39, and
we have:

(7.1.4) Def (wi,w™) = [WI||Ww™| (2|I§*(m)| +2|IE (myns (| = 1)
= [WI[W™] (2[Os+(m)| + 2|05+ (myns=(5| — 1) 4

and

(7.L.ii) Def(oF,w™) = |OMIW™] (211§ | ~ 1)

= [OF[[W™] (205 (m)| — 1)

The only difference between the error function and a normal node is that the error function has no
parameter and therefore we do not have to take care about the particular cases introduced for the general
case.

It is now easy to recompute the total complexity implied by the error function case with the help of
sub-section 6.1.4. We obtain the following equation cost:

. " ) 1
D= > W ( > W |<mm(|05*(m>|,|05*<j>|)+|OS*<j>m5*<m>|5) (107)
NieN NmeN
; 1
+ W (2|OS*<J'>| - 5) +10] (2|0s+(j)] = 1) )

Finally, the total computation time of £ Hessian is:

Hf= Y  Hj+D* (108)
NkeOut
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7.2 Hybrid Method
7.2.1 Local formulae

When € is considered as an output neuron, the local formulae (63 and 64) are identical to the local
equations of the general case (i.e., equations 45 and 47). Therefore, the related equation costs are equal
and we have:

e for equation 63 (i.e., when N™ # N7):
i m L ‘ <
He (w,w™) = |WI||W |(|oﬂ| (2 + nmept () (1 +2|p*(m)|)) - 1) (109)

e for equation 64 (i.e., when N™ = N7):

He (w?, wi) = |W|? (4|07] - 1) (110)

7.2.2 Recursive formulae

Once again, £ can be considered as an output neuron and the recursive formulae 66 and 67 are equal to
the corresponding general case equations (i.e., 48 and 49). Therefore, the related equation costs are equal
and we have:

e cquation 66 (i.e., when N™ & S(5)):

(7.2.1) Hef (o7, w™) =
_— | .
0w 21059 421050 1+ 3 0] (2Tl = 1) = 1],
NkeS(5)NSt+(m)
and therefore:
o N
He® (o), w™) = [O7||W™] | 21059 +1050) 1 +2 > [OF|ITh ] — 1 (111)
NkeS(5)NS*(m)
e cquation 67 (i.e., when N™ € S(j5)):
Hef (o7, w™) = (112)
. m . S(i m
07w | 21059 + |09 142 ST O[T+ 210™] 1
NE€S(5)NST(m)

e cquation 65 (i.e., when N7 € Out):

In this case, the equation is new and the result is obtained by summing the following values:

D?E 0Ot
(7.2.ii) .
Ox]dxr Owy
As a local second order differential, asz;zr is always non null. The first order differential ag(;; is
t u

null when Out” ¢ S*(m). Therefore, when Out” € S*(m), this scalar product implies 2|09 | — 1
operations. As we have to sum the resulting values in order to obtain equation 65, the equation
cost for all values of ¢t and w is:

He (o7, w™) = |O7[|W™| (2|Og+(my| — 1) (113)
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7.2.3 Differentiation order

The main problem of the hybrid method is the differentiation order which is virtually impossible to
optimize in the general case. For an error function, the problem is exactly the same as for a node output.

7.3 Pure Back-Propagation

Once again, £ can be considered as a final node:

e Equation 70 is equal to equation 56. Therefore the equation cost is the same and we have:
Pef (o w™) = |07 W™ (2]0™| — 1) (114)
e Equation 72 is equal to equation 59. Therefore the equation cost is also the same and we have:
Pef (o7, 0™) = (115)

Lo 4 S(i
[07]j0™] | 210°V)| + |Os(+J()m)| + > 0" (2|I§*(m)| + 5Nmep(k)) -1
NkeS()NS+(m)
e Equation 71 is used when N7 € Out. It sums the following values:

9’ 9oOut"
OxFdzr Do

(7.3.)

As a local second order differential, =2-£— is non null. When N™ € Pt (Out"), 907 35 non null.

? Ozkoaxr dom

In this case, equation 7.3.i is a simple scalar product and implies 2|OO“’5T| — 1 operations. When
N™ = Qut", 6‘(’;: = Id and equation 7.3.i is a selection process with no cost. We have then to

sum the partial results, which imply |Out N S*(m)| — 1 operations. Therefore the equation cost of
equation 71 is:

(7.3.i) PE(ol, o) = > (2|0%| = 1) + |Out N S*(m)| — 1

v
NEeOutnS+(m)
Therefore, we have:

PE(?,0™) = |07]|O™| (2|Os+ (m)| + Snmecout — 1) (116)

The final analysis (differentiation order, etc.) given in subsection 6.3.2 is also valid for the case of the
error function.

8 First order differentials

8.1 Needed first order differentials

Computing the second order differential implies to compute first order differentials such as gﬂ‘jlj The
purpose of this section is to study the differences between the three algorithms about their required first

order differentials.
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8.1.1 Direct method

2 1 .
Computing aw%;:m implies to compute % for each N* € P(I) N S*(m) (
t u u

P(l) N S*(j)). Because of the recursive aspect of the direct method equation, it is easy to see that as
soon as N¥ € P*(l) and N™ € P*(k:) 29" must be computed.

) 6 m
Computing - 9 6‘9 — € Out. The recursive
definition of the dlrect method implies to compute the Hessian matrices of o} for each N' € A in order
2’E

to compute As explain before, this will imply to compute % for each N¥ € PT(Out) and for

szaw{f ’
each N™ e P*(k) Therefore, added to the requirements of equation 62, computing £ Hessian implies to
€ N and for each N™ € P* (k).

8.1.2 Hybrid method

Once again, this method is the most complex to study. The needed first order differentials depend on the
computation strategy:
2 1
e The local part of the hybrid method used to compute aj ; L m implies to compute

= for all NP € S*(j5).

do”

Dur for all

N" € P(j) N S*(m) . It implies also to compute

”a

6205
90l ow
all N™ € P(k) N S*(m) where N*¥ # N™ and N*¥ € S(j). It 1mphes also to compute a £ for all
Nk € S(j).

e The recursive part of the hybrid method used to compute

Let (N7, N™) be a pair of distinct nodes with N7 € P*(I) and N™ € PT(j). The partial differential
™ is the second differentiation variable:

awm

e 29 is needed for a local part formula if N7 belongs to P(r) where N” € PT(l). Therefore, we

ow™
i l
need 6‘973; only if Tiaim is computed in this order for N € S(j) N P*(1).

9o’

6’Ujm’

where N™ belongs to PT(l). Therefore, we need aau?jn only if 5
N™ e P(S(j))nP*H(l).

is needed for a recursive part formula if N7 belongs to P(k) where N* belongs to S(r) and

l
— a = is computed in this order for

This short analysis implies that it is possible to choose a computation strategy that does not need the

partial differential 6‘25; as long as:

Boi-
-
0o dwy

1. for all N™ in P(S(j)) N P*(l), the recursive part is computed in this order:

1
2. for all N™ in S(j) N P*(l), the local part is computed in this order: %.

Therefore, the needed first order differentials are entirely determined by the computation strategy.

8.1.3 Pure back-propagation

2 l

Let N7 € PT(l) and N™ € P*(j). The second condition implies that the second order differential - 7o -

must be computed in the given order. In order to use the first local part, we need therefore to compute
6202
60,{ wm’

1 —m
This value is computed with the help of (60?) . The recursive equation for this value

5o \ o
€ P(S(j)nP*(1)) N S*(m). But as N7 € PT(l), N' € S(j) n P*(I)
and therefore N7 € P (S( )) N P*(1)) N S*(m). Therefore, we must compute 22

do™
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Moreover, we have to compute the 671?2082@ with the direct method (as previously assumed), i.e., with
the help of equation 40. This implies toucompute de 6‘2}5’; for all N7 € P(l) and for all N™ € S*(j).
Moreover the use of equation 45 in order to compute awa;gi;" implies the computation of 665; for all
N™ € P(j) N S*(m). Therefore, as long as N7 belongs to P*(1)\ P(l), we need to compute 6‘25; for all
N™ € S*(j). Therefore, we must compute 22 for all N7 € P*(I) and for all N™ € P*(j).

Finally, when N7 € P* (), we have of course to compute aj; ;i}i , with the help of the local equation
47. This implies to compute g—g;.

Let us now study the case of an error function. This case is very similar to the previous one. If N7 is

an arbitrary node and N™ is a predecessor of N7 (i.e., N7 € PT(N™)), then we must compute 81122657‘1)7"
t u

in the given order. This value is obtained with the help of -2 ( £ ) .

o™ 6_01
If N7 is an output node, then equation 71 implies to compute gg; for all N” € Out. Therefore, we

9o’
Qom *

If N7 is not an output node, the general equation 72 must be applied. But this equation is nearly the
same as equation 59 and implies to compute the same first order differentials. Therefore, we can apply
the result already obtained and conclude that we need to compute 6600; .

Therefore, computing the Hessian matrix of £ with the pure back-propagation method implies to

compute 22 for each N7 € N and for each N™ € P*(j).
a%?n as to be computed for each N™ € N, because of the use of equations

45 and 47. Equation 45 implies also to compute aaufj for all N7 ¢ Out and all N™ € P*(j).

m

must compute

Moreover, it is obvious that

8.2 Complexity

As explained recalled in section 2, the first order derivatives can be computed in a generalized neural
networks with two algorithms: a direct method and a back-propagation method. We have demonstrated
in [6] that for classical architectures (MLP, RBF networks, etc.) the back-propagation algorithm is faster
than the direct one for computing the differential of the error made by the network with respect to its
weights.

In the current case, we want to compute the differential of the output of each node with respect to
the outputs of all its predecessors. In this particular case, nothing allows to guess if the back-propagation
will be faster than the direct algorithm. The purpose of this section is to study the relative complexity
of both methods in order to choose the fastest one.

As in the Neurocolt report, we will not include in the complexity the time needed to compute the
local first order differentials (such as afr—%), as they are needed by both methods.

8.2.1 Direct method
The direct method is based on the following general equation:

Hoi—k

o'~k & B ON' &
g (@ w; 0" (z,w)) = , > m(l (&, w)) =5 (2, w, 0" (2, w)) (117)
NieP(1)NS* (k)
This equation is obtained by the application of the chain rule to the recursive definition of o' =¥ (z, w, 7%):

l
Olﬁk(x,’u},’rk) _ Nl <0P(l)1~>k(z, w, 7_]4)7 o OP(l)P —)k(:r7w77_k), wl>

Equation 117 has a quite “classical” form, and the methods used in previous sections allows to conclude
that its equation cost is:

(8.2.0) |0"]0"] (2 ‘Iéﬂk)‘ +Oonrepq) — 1)
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The variable cost of this equation is implied by its recursive aspect: in order to compute %, we need

agjozk for each N7 € P*(j) N S*(k). Therefore, the variable cost of equation 117 will be obtain with the
total cost of the same equation applied to predecessors of N.

But we are interested in the particular case in which we need 6%;; for each N* and for each N* €
P* (). The total cost of this calculation is in fact simply the sum of the variable costs of equation 117
applied to different N and N*.

We need also to add to this complexity the one implied by the computation of agoz’f_ If N*¥ € Out,

65; is simply a local differential. When N* ¢ Out, the differential is obtained by the following equation:
oE—F o€ doI—k
W(m,w,o’“(m,w)) = Z W(G’“(m,w))w(:ﬂ,w,ok(m,w)) (118)

NI eOutnS+ (k)

Once again, this equation has a “classical” form and its equation cost is:

(8.2.1i) o {2 Y 07| -1
NigOutnS+ (k)

w
N* € P*(l). For this computation, two alternate methods can be used:

Moreover, we need to include the cost of the computation of the g)olk for all N ¢ Out and for all

1. we can make a new direct computation starting from nothing ;

. L I—k
2. we can use property 4 in order to compute aau?k we the help of agok

It is obvious that the total cost of the first method is:
(8.2.1i) S0t > (2 ‘I@M Snrep() — 1)
N'gOut NkePt(l)
For the second method, the local equation 24 which computes 6‘952 has obviously an equation cost of
|[Wk||O!|(2|0F| — 1) an therefore, the total cost of the second method is:

(8.2.iv) S0 YT w0 - 1)

N'ZOut NkepPt(1)

In the general case, the methods cannot be compared, but when we assume that |O!| = 1 for all N, we
have obviously Ils+(k) > |O¥| and therefore the second method is the most efficient one. We assume
in the rest of the report that the second method is always chosen. Moreover, the computation
cost of the chosen method has not to be included in the total cost because the back-propagation approach
will also use the same method to compute the g—u‘jl, therefore, as far as the comparison are concerned, we

will forget the cost of the computation of the ggk .

Therefore, the direct method implies the following cost:

Dis(€) = 310" D 10M (2 |hego| + nrery — 1) + D2 10121055 @l 1) (119)
NleN NkeP+t(l) N'gOut

8.2.2 Back-propagation

The back-propagation method is based on equation 29. Once again, we have a very common equation

form. We obtain therefore the following equation cost (when computing 6310216 ):

S
(8.2.v) [elito (2 ‘Op(f()z)‘ +ONreP() — 1)
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Equation 29 can be used to compute agl(;k as long as we know 631(;]' for each N7 € S(k). Computing
% for all N¥ € P*(I) implies therefore the following total cost:

. S(k
(8.2.vi) o' 3 10M (2 ‘opigl)‘ + e — 1)

Nk P+(1)

Finally, the total cost for computing aglozk for all N € A and for all N¥ € P*(]) is:

. S(k
(8.2.vii) S oY 10t (2 ]opigl)] + e — 1)

NleN NkePt(l)

We need also to add to this computation the cost for computing 65(? with the back-propagation. This

computation is based on equations 33 (which implies no computation) and 33. This last equation is valid
for N* ¢ Out and has an equation cost of:

(8.2.vii) 0%(2/0%W] — 1)
The total cost is therefore:
(8.2.ix) > 0flo ™ 1)
NkEZOut
Finally, the total cost for the computation of the first order differentials is (we forget the cost of ;sz

computation, as explained in the previous section):

S(k
Bu(€) = > 101 Y 10%1(2[058) |+ dwrerqy ~ 1)+ Y 10FI@I0°®1 1) (120)
NleN NkeP+(l) NkZOut

8.2.3 Comparison

Once again, it is not possible to compare directly both formulae. In fact, as we prove in the following
section, even for simple architecture such as MLP or RBF, the speed of both algorithms depends on the
number of nodes in each layer: in some cases the back-propagation algorithm is faster than the direct
one and in others cases the contrary is true.

9 A practical analysis

In this section, we analyze the case of “every day” neural networks. In fact, we compute the theoretical
complexity of Hessian calculation for the error made by a common neural network, such as a MLP or a
RBF network.

9.1 Scalar output

In common neural networks, neurons are scalar functions: the output of a neuron is a real number. This
means that [O%| = 1 for each neuron of the network. This assumption simplifies the complexity formulae:

e We have |I}|| = 2o NiePO)NA |O7|. Therefore:

14| = [P(1) N Al
e We have also:
051 =1AN B,
and
|O4| = |Out N A

Unfortunately, the complexity depends strongly on the structure of the graph and therefore, the scalar
output assumption is not sufficient to allow a comparison of the different algorithms. As explained in
subsection 6.3.2, it does not simplify the problem of the hybrid method computation order.
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9.2 Totally connected layered architectures

The most common architecture for neural networks is the totally connected layered architecture used by
the Multi-Layer Perceptron. This strong assumption on the structure of the graph used with the scalar
output assumption greatly simplifies the complexity formulae.

9.2.1 General assumptions and preliminary results

General assumptions on the architecture:
e the network has N layers;
e layer L; has [; neurons;

e each neuron of layer Ly receives the scalar outputs of layer Li_; neurons and have therefore [;_1
scalar inputs;

e cach neuron of layer L; has one input which dimension is Iy (it does not depend on the neuron).
We have the following simple results:
e when N* € L, (p < N), S(k) = L1 and S*(k) = Uelp 1 L
e when N¥ € L, (p > 1), P(k) = Lp_1 and P*(k) = U_] Ly.
Finally, we introduce two new notations:
> W =W,
NkeL,

and
> WP =Wy
NkeL,

9.2.2 The direct method

The direct method is based on a recursive equation and equation 85 allows to write (using the fact that
0" =1):
(9.2.0) Hy= > Hj+D,

NFkeP(l)

Let N be an arbitrary node of the network, with N! € Ly. We have:
e if ¢ =1, N! is an input node. We have Hfi =0.

o ifg>1:

We have PT(l) = UZ:L;C, therefore, with the scalar output assumption, we have:

02i) D' =3 Y (W (Z S W (min (1P() 0 S5 (m)] [P 0 57 ())

k=1 NieL, r=l1NmeL, + |P(Z)ﬁ5*(m)ﬁ5*(j)|*% )
+ w9 (2100 s°0) - 3 )
+ (|1 + W) @IP@) 0 Ss* ()l = 1) )

Let N7 be a node belonging to layer Ly:
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o if Kk <g—1, we have P(1)NS*(j) = P(l) = Lg—1;
o if k=¢q—1, we have P(I) N S*(j) = {N7};
e if k> q— 1, we have P(I) N S*(j) = 0.
Let N7 be a node belonging to layer Li and N™ be a node belonging to layer L,.:
o if k <g—1andr <gqg—1, we have P(I) NS*(j )ﬁS*(m)*P(l):Lq,l;
e if k=¢g—1and r < q—1, we have P(I) N S*(j) N S*(m) = P(l) N S*(j) = {N7};

o ifk=¢g—1andr = qg—1, we have P(I)NS*(5)NS*(m) :®ime7éN3 and P(I)NS*(j)NS*(m) =
{Nj} when N™ = NJ;

e ifk>g—1orr>gqg—1, wehave P(I)NS*(j) N S*(m) = 0.
Therefore we have:

o ifk<qg—1:

Z > W™ min (|P(1) NS (m)],lg-1) =
r=1 NmcL,

l MQ

N™eLy 1

We| + Wy

= q 1

Z W™l + Y (W™
meL
-2
|
1

r=

o ifk=qg—1:
qg—1 q—2
Yo > WM min(|P()nS*(m)],1) = YoowTme Yo W
r=1 NmeL, r=1 NmeL, NmeLg_1
q—1

= |WT|

Therefore, we have:

-1

»Q

Yo WY Y W™ min ([P(D) N ST (m)] [PE) NS ()])

k=1 NieL, r=1N™cL,
q—2 q—2 q—1
= Wil <lqlz W + |Wq1|> + [Wo1 (Z |Wr|>
k=1 r=1 r=1

2 2

o) ()

Z Z WY > WP NS (m) NS ())]
k=1 NieL

= r=1N™eL,

We have also:

.Q

qZ > W lqﬂf LA R D A

k=1 NieL, r=1 NmeL, NmeL, 1
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q—2

+ > |Wj|<2 > |Wm|+|Wf'|>

Ni€Lg1 r=1Nm¢cL,
2

q—2 q—2
= g (ZIWkI> F2AW,a | Y Wkl + > (WA

k=1 k=1 Nie€Lg—1

As |I'| = 1;-1, we have:

qg—1
Do WL+ W) 21P@) N S* ()| - 1)
k=1 NieL,
q—2
= (|Wl| +lq_1) < 201 — 1) Z |[Wi| + |Wq_1|>
k=1

We have also:
q—
712 x [+ 1
$ 3w (21P 576 - 5)
k=1 NicL
1 53 .
- (21“5)2 > o S

k=1 NieLy NieLy 1

Finally, we have:

2

(9.2ii) D' = (2,1 -1) (Z |Wk|> +% <Z|Wk|>

2

k=1 k=1
q—2
+ 2AWaral + Qg1 = 1) (W' +1g-1)) D IWal + (IWH + lgo1) Wi
k=1
1\ &2 5
)12 112
+ (%—1—5)2 Z WP+ 5 Z ||
k=1 NieL, Ni€Lq_y

For an error function, we have:

N N
@28 D=3 3 W (0 S W (min(oun sl 0w 0T G))
k=1 NicL, r=l1NmeL, + |Out N S*(m) N S*(4)| — ) )
+ w9 (210un () - 3 )

+ Iy (2]0ut N S* ()| — 1) )

Let N7 be a node belonging to layer Ly:
e if Kk < N, we have Out N S*(j) = Out;
e if k = N, we have Out N S*(j {N]}

Let N7 be a node belonging to layer Li and N™ be a node belonging to layer L,.:
e if k < N and r < N, we have Out N S*(j) N S*(m) = Out;
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e if k=N and r < N, we have Out N S*(j) N S*(m) = Out N S*(j) = {N’};

e if k = N and r = N, we have OutNS*(j)NS*(m) = 0 if N™ # N7 and OutnS*(j)NS*(m) = {N7}
when N™ = NJ.

We can apply to the error function the same method as for an inner node and we obtain finally:

(9.2v) DF = (2y —1) (Z |Wk|> (é |Wk|>2 |+ (2lN - %) ]Vil > wAp

k=1 NieL,
N—-1
2
+IN|Wa| + QW |+ Iy 2y — 1)) I;IW;CH?N% W |
Jeln

The total computation cost is therefore:

N
E=D+> Y DI

k=2 NieL,
We have:
(9.2.vi)z D' o= 1,21 —1) <Z|Wk|> q2 (Z|Wk|>
Ni€eL,
q 2
+ lgWorl + Rlg—1 = 1) ((Wyl + lglg-1)) p Wkl + (IWq| + lglg—1) [Wg-1]
k 1
1\ &2 5
12 12
+1, (21,1_1—5)2 Z W | +§zq ‘Z |W|
k=1 NJigL, NieLg_1

9.2.3 The hybrid method

The case of the hybrid method is interesting because of the computation order problem. The first problem
%
Bwtj owm

where N* € S*(j) in the opposite order, even if the order for N7

presented in subsection 6.2.3 is the following one: when we have chosen to compute in this order,

&
wf owm

is already known.

it might be faster to compute

and N™ implies that W
Let N7 be a node of layer L, and N™ a node of layer L,, with N™ # NJ. As dnmep+(j) = Or<k, W€
have

Iy
o)
Py
g&n
B
2
I

V= W (L4 G (14 21PG) 0 S (m))
HeS (™, wl) = [WIIIW™] (14 Ghey (1421 P(m) 1 8°()])

When r < k, two cases can occur:
o ifr=k—1,5*(m)NP(GH)={N"}
o ifr <k—1,5"(m)NP(j) = Py).

Therefore, we have:

Iy

D

Py

g%

B

Z
|

W W™ (14 6, <k (3 + 2(lg—1 — 1)dr<p_1))
Hef (w™ w) = |[WI||[W™[(1+ 6ker(342(r—1 — 1)6rer—1))
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Therefore, it is obvious that the order (N7, N™) is more efficient than the other one when N7 € P+(N™).
When N™ = N7, the cost is: o ‘
Hef (v, w?) = 3|[W7|?

Let us now assume that N7 ¢ Out. In this case, |0%0U)| = |S(j)| = |Liy1| = lr+1 and therefore:

Heb (o7, w™) =

(W™ | 2lk41 +

+2 >

NaeLyan(UN, | Ly)

N
LN < U Lp>
p 1

=r4

LiN ( G LPU{N’”}>|1

p=r+1

The following cases can occur:

o if r > k:

In this case, Lr4+1 N (U;,V:THLP) = () and therefore we have:

He (o, w™) = |W™| (2Upy1 — 1)

o if r =k
In this case, Lgy1 N (U;V:THLP) = Lp11 and L N (U;V:THLP U{N™}) = {N™}. Therefore, we
have: _
Hef (o ,w™) = (W™ (5lpq1 — 1)
o if r < k:

In this case, L1 N (U;])V:r+1Lp) = Lgy1 and L N (UéV:T_HLp U {Nm}) = L. Therefore, we have:
Hef (o7 ,w™) = [W™| (3lps1 + 2klpyr — 1)

When N7 € Out, we obtain :

e when N™ € Qut : ‘
Hef (of ,w™) = [W™|

e when N ¢ Out : ‘
He (o7, w™) = [W™|(2ly — 1)

In fact, even in this simplified case, it remains very difficult to choose an efficient computation strategy.
2 2
The reason of this is mainly that computing % implies to know aong%n for all N¥ € S*(N™). But

% is less efficient than computing in the other order (on a local point
of view) when N* € S*(m). Therefore, we have here two contradictory parts in the complexity.
Let us study more precisely what can happen (with N7 € Ly, N™ € L, and m # j):

as shown before, computing 6w2
q

2%&

J m
Qo owy

e when r < k, we need to know regardless of the computation strategy.

e when r = k, the local equations have the same complexity, and the orders are equivalent. Let us
% 2%

] ] Bwéawa’l Bogaw{f ’

|[W7| = |[W™| as long as N7 and N™ belongs to the same layer, the chosen order implies the same

3%

J m
Qog 0wl

assume that we choose to compute . This implies to compute If we assume that

computation load as the alternate one. Moreover, the computation of

9%
Boh ow™
Therefore, the derivation order for nodes belonging to the same layer as no influence on the total
complexity.

is possible as long

as we know for N* € S*(j), which has to be know regardless of the computation strategy.
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o%e
Owd own
If we choose this order, we don’t have to compute additional differential, but as shown before, the
local computation is more complex than with the other order. But this alternate order implies to

compute additional differentials <W for NP € S*(p) \ S*(m)).

e the only important thing which remains to be chosen is in fact how to compute when r < k.

Let us study the special case of a two-layer network. In this case, the only problem is two choose how to
- for N7 € Ly and N™ € Lo. If we use the order (N, N7), the implied cost is:

compute . a

He (w™, w?) = 4|WI||W™|
With the alternate order, the local cost is only:

Heg(wj,wm) = |Wj||Wm|,

but we must compute the additional differentials aofa;fum and - 9 a - for all N* € Ly. This last group
q u
of differentials can be partly used to compute FordaT The main problem is that in order to compute

aéfim for all pair of nodes (N7, kN m) e L2 , we need only to know one part of the differentials (for

instance for k > m), whereas in the current case, we need all these differentials. Therefore, the

k w
cost diffefenie must be included in the comparison. For a given m and a given k, the complexity of
% computation is |W™|. If |W (k)| is the common number of parameters of nodes belonging to Ly,
the total cost is therefore Io?[IW(2)|. The limited set of differentials which have to be computed regardless
of the computation strategy implies only a cost of M|W(2)| Therefore, the additional cost is:

Ia(la — 1)

W (2

i)

We have also to add the cost of the computation of 60?;18117" which is:
q u

Hef (oF,w™) = [W™|(2ly — 1)
Finally, the total cost of this order is:

Iy(ly — 1

Ll W (L)W (2)] + )W (@) + LW (@) 2l — 1)

We have therefore to compare the following values:

A = LW IWE)
5 = 2C Ve nnwe)es -1

Which is equivalent to the comparison between the two following values:

C

3L (W)

Iy —1
D = 22 + 142y — 1)

But as [W(1)| = lp + 1 for a standard MLP, C' does not take into account l; and D does not take into
account ly. Therefore, it’s easy to build networks in which the first computation strategy is faster than
the other, and other networks in which the contrary is true. In traditional classification application, we
have in general [y > Iz, which allows to conclude that D < C and therefore that the second computation
strategy is faster than the first one. In this case, we can compute the total cost of this computation
strategy.

THOMSON-CSF/AIRSYS/RDTE-594/96 09/09/96 52



Second Differentials in Arbitrary Feed-Forward Neural Networks Fabrice Rossi

0%
ng owm

of |[W™||[W7|, except for j = m. This gives the following total cost:

e in the chosen strategy, the computation of is always performed at a minimal equation cost

> IW’"I<Z |Wj|+2|W’"|>+ STowr > W 2w |,

N™el, NieN N™€Ls NJ€Ly

which is equal to:
(Wi ? + [Wal? + [Wh|[Wa| + 2|WE| + 2[ W3]

e as obtained before, the additional cost for changing locally the derivation order is:

la(la — 1
L= D)) 4 w2, - 1)
e as explained before, the computation of BO?Zim when N7 and N™ belongs to the same layer as

only to be done for each unordered pair of node and produces the following complexities:

— for layer L1 = In:
Il +1)

(21 = 1)—5

W)

— for layer Ly = Out:
12(12 + 1)

)

e finally, we must include the cost of the computation of 60?;fum when N™ € L; and N’ € Out,
q u
which is:

15(2ls — 1)|W7|
The total cost is therefore:

(9.2.vii)  HE =
1 +1

WA+ W[ 4 [ [Wa] + 2{W7] + 2[5 + (22 — 1) —;

[Wi| + (L (202 — 1) + 12)|Wa|

9.2.4 The pure back-propagation method

We shall recall that the pure back-propagation uses the same local formula as the hybrid method which
2’E
) sz owm
N™ & S*(j). As N7 € L, and N™ € L,, this condition means that r < k.
The pure method uses also a second local formula which complexity is:

complexity was given in the previous subsection. For the pure method, can be computed only if

Pef (o, w™) = [W™|
When N7 ¢ Out, the equation cost of the recursive formula is:

Pef (07, 0™) =

(U )

p=r+1

2lp41 +

L,m< Cj LPU{N’”}>

p=r+1

+ 6Nm'ELk> - 1

+ > o (2

NaeLyan(U_ L,

As N™ ¢ 8T (j), the following case can occur:
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o if r =k:

In this case, Lrt1 N (U, 1Ly) = Lggr and Ly 0 (UL, L, U{N™}) = {N™}. Moreover
dnmer, = 1. Therefore, we have:

Pef (07, 0™) =6l — 1
e if 7 < k: In this case, Li11N (Uév:T+1Lp) = Lgy1, LN (U;V:THL;) U {Nm}) = Ly and Onmer, = 0.
Therefore, we have: _
Pef (o, 0™) = 3lpy1 + 2l — 1
When N7 € Out, the equation cost is less complex and we have:

oun( () 1)

p=r+1

Pef (07, 0™) =2 + dnmeout — 1

Therefore, we have:
o if r £ N (i.e., N™ & Out):

In this case, Out C (UZZ)V:T 41 Lp) and therefore:

Peg(oj,om) =2y —1
o if r =N:
In this case, ST(m) = () and therefore:
Pef(0?,0™) =0
e
szaw;”

multi-layered architecture, N™ and N7 are independent when they belong to the same layer. We have
the following possibilities:

When N™ and N7 are independent nodes, the computation order of can be optimized. In a

e NV eLyand k# N:

In this case, the global equation cost can be:
Pef (o7, 0™) + Pef (o7, w™) + Hef (w?, w™) = 6lpyq — 1+ [W™| 4 |[WI W™
Pef (0™, 07) + Pef (0™, w’) + Hef (w™, w!) = 6lpyr — 1+ |WI| 4 |[W™||WY|
Therefore, we have:
Mef (w? ™) = 6lgr — L+ [W™||W| + min(|W[, [W™])

As in general [W™| = |W7| when N™ and N7 belong to the same layer, the complexity does not
depend on the chosen order.

e NV cLjand k= N:

In this case, the global equation cost can be:

Pef (0!, 0™) + Pef (o), w™) + He® (w?, w™) W™+ W [[W™|
’Peg(om,oj) + ’Peg(om,wj) +Heg(wm,wj) = W+ W™ |W|

Therefore, we have: _ ) _
Me® (!, w™) = |W™ [W] + min(|W], |W™])
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The total computation cost is therefore:

N k—1
. . . 1 .
=Y > (X Y ME@ w s MEW ) s Y M w)
k=1 NiecL, \r=1NmeL, N™EL,,m#j

We have:

r=1N™meL, NmeLy

k—2
(Z STl )WIWT 4 > AW W

k—2
| W (2(1“ +1) > (W +4|Wk1|>

r=1

We have also:

N k—1 N k—1
S Y Y Y e = ¥ Y S Y
k=1 NicL, r=1 NmeL, k=1 NicL, r=1 NmeL,
N k-1
I
k=1 r=1
Moreover:
N-1 k—1 N-1 k—1
Pef (o, 0m) = SN Bl +2klka — 1)
k=1 Ni€L, r=1 N™€L, k=1 Ni€L;, r=1 N™€L,
N—-1 k-1
= Ik l, (3lk+1 + 2lplg+1 — 1)
k=1 r=1
and:
N-1 N—
> Y T e - XSS el
NieLy r=1 NmeL, NieLy r=1 N™me
N-1
= Iny@2Iny-1) I,
r=1
We have:
N N-1
S% ME@lwl) = 30 ST BIWIR W+ 6l — 1)+ S (B + W)
k=1 NieL, k=1 NieL, NieLy
N-1 N
= Be(6lopr — 1)+ > [ Wl +3 Y (WP
k=1 k=1 NicLy
We have:

N
XY MiEw,wm)

k=1 NigLy N™ELy,m#j

THOMSON-CSF/AIRSYS /RDTE-594/96 09/09/96 55



Second Differentials in Arbitrary Feed-Forward Neural Networks

Fabrice Rossi

=
A

ST (Ohern — 1+ WIW < wain (W, )

1 NigLy N™€eLy,m#j

+ 3> (WHIWT 4 min(WI W)

NieLy N™meLn,m#j

B
Il

2

N N
lk(lkfl) 61k+1 *1 +Z |Wk|27 Z |Wj|2 +Z Z
1 k=1

NjeLk

=~
Il

min(|W7], [W™])
k=1 Ni€Lj, N™ELy,m#j
Finally, we have:

(9.2.viii) P¢
N-—1

Ie(l 1)
yo el 1) 2 (g — 1

N-1 k—1
BN (lN(le — 1)+ (Blogr + 2lisr — 1)y lr>
k=1 k=1 r=1
N 5
2
+> | Wil + 5 |Wk| +3 >

k=1 NigLy,

1Y i lom
ey, > > min(WL W)

k=1 NieL;, Nm€Ly,m#j

(W72 + 4| Wi [Wie—1| + (3l-1 +2) Z|Wr|+zk|wk,1|
r=1

If the number of parameters is the same for all neurons belonging to the same layer, we have

D SED ST (SN

k=1 Ni€Ly N™€ELj,m#j

DN | =

N
> (I — 1) W],
k=1

and therefore, we have:

(9.2ix)  PE =

= 1lk lk—f—l)

N—-1 k—1
(Bl — 1) + > I <1N(21N — 1)+ (Blirr + 2kl — 1)) zr>
k=1 k=1 r=1
N
>

k—2
5 )
5 SRl 5 D W72+ AWl Wi | + (Bli—1 +2) Y [Wel + 15[ Wi |
k=1 NieL, r=1

9.2.5 Comparison

A two-layer neural network

Let us first consider a two-layer network. In this case, the complexity of the direct algorithm is

H =D+ Y HY=D"+ > D

NkeLo NkeLo
We have:
1 5 .
ko 2 2 1 2
D D = bGP rhWal+ g Y WP W
NkcLy Niel,
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We have also:

1 1 .
D = (- W+ (W e (2= 1) S0 W

NieL,

5 ) 12
+ (2Wa] + 122 = 1) Wi + 5 D (W]

NieLy
Therefore, we have:
1 1 .
HE = 5 (5l = 1) [Wa* + 5 (912 — 1) WP 4 la(ly + 20y — 1)[W|
NieL,
1 5 ;
+ §|Wz|2 +3 Z (W12 1| Wa| + 4|W1 |[Ws|
NieLs

The cost of the pure back-propagation method is simply given by the following equation (if we assume
that the number of parameters is the same for all neurons belonging to the same layer):

1 1 1
PE = Sl +1)(6l2 = 1) + hia (2 = 1) + (1 = D[Wa| + 5 (2 = 1)|Wa|
5 112 1 2 5 712
5 §‘ |W| +|W2|+§|W2| +5 §_ [W3|2 4 4|Wy||Wa| + lo| W1
NJIeLl, NJI€Lo
5 § |Wj|2+1(z +1)|W|+1|W |2+§ § |2
9 92 DL L -
NieL, Ni€eLo

1
+|W1|+§|W1|2+

1 , 1
= 5|W1| +5(212+ll+1)|W1|+

1
+ 4|Wh||Wa| + 511(11 +1)(6l — 1) + I115(20y — 1)

“Huge” number of parameters

In general, the parameter number of a neuron depends on its input number. Moreover, in general, there
are fewer output neurons than the number of inputs of the network. Therefore, in a two layer neural
network, we can assume that |[W7| > |Ws|. This is the case for a MLP or a RBF net in which the input
number is larger than the output number. The difference between the two values is more important for
a wavelet network used for function approximation, in which the neurons of the first layer have a huge
number of parameters whereas the output neurons are only linear neurons.

As [Wi|*> > Y nicp, [W/]?, we can assume that the asymptotically dominating term of P¢ and HS
is [W1]%. In HY, we have (51> — 1) [W1|? and in P¢, we have $|W;|2. Therefore we can assume that HS
is asymptotically bigger than P¢€ and that the back-propagation is faster than the direct algorithm when
the number of parameter is large.

“every day” neural networks
In the case of a MLP or a RBF, when N™ € L;, |W™| =1;_1 + 1. Therefore, we have:

22 19, 3, 1
E 2 2 0 2 0
= P2+ 4 4gl+ =24+ 42
P 1<2+2+ 02+2+2+2>
712 502 250y 11l
L =2 +=2 4500+ —=—=+—""+1
+1(2+2-+02+2 + +)
+§+m
2 2
= BPS+0LPE+PS,
and
5l,I2 1202 1
H§ﬁ<20+§§+mwﬁ1%%§
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I512 12 251 1
+1 (9;0+2l§zo+4z§§0+12z210+%105)

2+2

= I?HS +1,HE + HE

312 5l
4 3l 5l

Aslp > 1 and Iy > 1, we have:

blolf 1B _ 3L 13

2 2 = 2 2
1 13lgls 3l 1
1002l — lp — = — 4+ =
20—l 5 = 5 + 5 3
Therefore, we have:
3012 12 12 131, 3l 1
HE>220 4 20 2 2902 L 20 10l 4 =
2_2+2+2+ 5 +2+02+2,
and therefore:
HY > P§
We have also:
lol 111
120l = 1o = 51012—1—%4-70
9ulf 13 5 30l
2 2 - 2 2
1 121y
2020, — = > 2241
2t0 5 = 5 +
Therefore:
512 2505 11l lols 3112 12l
HE > 42+ 2902 2200, g, 02 9R2lp  22%0
1_l2+2+5lolg+2+2++2+2 5
Hf > pf

Finally, (2 > I, implies obviously that:
H§ > P
Therefore, for all [y > 0, H 5 > PE: in an “every day” 2 layer neural network, the pure back-propagation

algorithm is faster than the direct method for computing the Hessian of the error made by the network.

Arbitrary number of layer for “every day” neural networks
We assume in this part that when N™ € L;, |[W™| =1;_1 + 1. In order to simplify the comparison of
the complexities in the general case, we split both formulae into several parts.

The total complexity of the direct method, H 5, is split into the following parts:

e A=y -1) (2 IWqI)2

2
B = % (Zévz1 |Wq|)
C= (2 —3) o Wyl
D = In|Wh|

N—
E =2[Wy| Zq:1l |Wq|

o F=In@y—1)2.05" Wy
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« G-
o H =Y 20— 1) (S W)
e 1= Y (St w)
o J = E0l 2 Womt| THZ Wi
o K =31 31g(2lg1 — Dlg—1 Y1—3 [Wil
o L =300 Wl (g1 — 1) 42T Wil
o« M =N, (W, [IW,
o N= thZV:Q lylg—1[Wg—1]
© 0= 5l (21— 5) AT W
o P= %fo:g lq|Wq2—1|
For the pure back-propagation method, the complexity split into the following parts:
®a= Zé\[;ll le(lg +1) (3lq+1 - %)
o b= g (Blgrr + 2yl — 1) Y01 Ik
c=In@2Nn-1) 305
d=350 IW,
e=3 Zévz1 Wl
f= 3 W]
9= 4305 [WyllWyl
o b= 5Bl +2) 7 (W

o Q=3 k[ Wia

Our goal is to prove that H, g > P£. We have the following results:

1. we have:
5 N 5Nfl
— 2 2
P+Gf§;|Wq|+§;(lkfl)|Wk|

As the second part of this equation is positive (because I, > 1 for all k), we have:

P+G>f
2. if @ is defined as:
N-1 N
Q= > Wkl IWl,
k=1 j=k+1
we have:
B=e+Q
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3. we have:

N
Q= Wil Wis|+R,
k=2
where:
N-2 N
R= > Wllwy)
k=1 j=k+2
We have also:
N
J = Zqu|Wq—1||Wq—2| + 5,
q=3
where:

N q—3
S =32, Wyt Y Wi
q=4 k=1

As ;> 1, we have:

N-1
J 2 Z 2|Wq||Wq—1| +5
q=2
Moreover, if T' is given by:
N-2

T =2[Wn| > [Wil,
k=1
then we have:

E =2\Wn||WNn-1|+T
Therefore, we have finally:

Q+J+M+E>4> [W)[|[Wya|+R+S+T,

q=2
and therefore:

B+J+M+FE>e+g+R+S+T
4. we have:

2

q—2 q—3 q—3 2
(Z |Wk|> = [Wyal® +2[Wya| > [Wi| + <Z |Wk|> ;
k=1

k=1 k=1
therefore we have:

N

H=> 14241~ 1)(gs+ 1)+ U,
q=3

where U is defined by:

2

k=1 k=1

N q—3 q—3
U=3"1,(201 — 1) [ 2Woeal 3 (Wil + (Z |Wk|>
q=4

As (lg—3 + 1)2 > 4 and 2lg—1 —1>14_1, we have

=

H>N dlglgd; +U

(=)
/|
)
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Moreover, we have:

A= Q2ly —D|Wn_a 2+,
where V is defined by:

N—2 N—2 2
V= 2y —1) | 2Wn_a| Y Wil + <Z |Wk|>
k=1 k=1

We have [Wx_1]?> = 1%_,(In—2 + 1)? and therefore |Wx_1|?> > 4I%,_,. Therefore, we have:
A> 4Nl

We have also:
N-1

1
C= (QZN — 5) I; lk(lk—l + 1)2

We have 2]y — % > %ZN and lx_1 + 1 > 2. Therefore we have:

N-1
C > 3y llk-1+1)
k=1
N-1 N—2
> 3l Z llp—1 +3InIv-1 + N Z Uk,
k=1 k=1

and therefore, if W = I Zév:_f I, we have:

N
C’Z?)Zlklk,lJrW

k=1
Therefore, we obtain:
N N
H+A+C>> i} +3 Lilkr +U+V+W
k=2 k=1
Therefore, we have:
N N
H+A+C> 3Ll 43 Lle 1 +U+V+W,
k=2 k=1

and finally, if X is:

1 -2
X =",
2k:2

we obtain:
H+A+C>a+U+V+W+ X
5. we have:
N q—2
K=Y 14241~ g1 > (-1 +1)
q=3 k=1
Therefore:

N q—2
K223 1 Y
q=3 k=1

THOMSON-CSF/AIRSYS/RDTE-594/96 09/09/96 61



Second Differentials in Arbitrary Feed-Forward Neural Networks Fabrice Rossi

We have:
N 1 q—2
0= ;zq (2lq1 — 5) ];(ZH +1)%

As we have (Ix_1 +1)2 = l_1(lg_1 + 1) + lx_1 + 1, if we define Y as:

N q—
1
Y = E lq (2[,1 1— ) E (lk—l + 1)lklk_1,

a=3 k=1

[

we have:
2

q—
lq <21q_1——) (k1 + D)l +Y
k

WE

O:

=]

[
w
—

As 241 — 1> §lq_1 and lp_1 + 1 > 2, we have:

2 — 2
N q—2
0>3> llg 1Y lh+Y
q=3 k=1

Finally:
K+0>b+Y + 2,

where Z is defined as:

N—1 k-1
Z I l,
k=2 r=1
6. we have:
3 - 3
Y > 5 Z Wk|
q=3 k=1
Moreover:
q—2
L= lq(lg—1 +1)(2lg—1 — 1) Z (W
q=3 k=1
Therefore:
q—2
55 I S
q=3 k=1

We have also:
N q—3
S=> 2(lg2+ g1y [Wil,
q=4 k=1

and therefore:

N-1 q—2
S>2> g1y Wil +a,
q=3 k=1

where:
N—-1 q—2
a=2 lgiily Yy Wil
q=3 k=1
We have:
N-2
T>2y1 Y [Wil+5,
k=1
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where:
N-2
B=2n Y Wil
k=1

Therefore, we have:

N q—2
S+T =2 g1y Wil +a+5,
q=3 k=1

and finally:

Y+L+S+T>——§yq12]WH+a+ﬁ

As %lq,l > 3lg—1 + 2 for all [;_1 > 1, we have:

Y+L+S+T>h+a+4

7. As l;—q > 1 for all ¢, we have:
N

N> 1y Woel,

q=2
and therefore:
N >4

8. we have: ,

—~

N q—2 q—2
I=% o | Wl +2AWqon] Y0 IWil + <Z IWk|>

q=2 k=1 k=1

If we define ~ as:
2

N I q—2 q—2

1= 3t (o S (S ) ).
q=2 k=1 k=1

as 2Wy1|? = % (lg—a + 1)lg—1|Wy—1| > ly—1|Wy—1], we have:

N
12 1| Weal+7

q=2
Therefore:
N
I'+D> Zlq|Wq|+’Y
q=1

We have also l"; ! <4 and therefore:

I+D>d+7y

9. we have:

2

-1

F:lN(Qlel) lk(lkflﬁLl)
1

B
Il

Therefore, if we call §, the following value:

N-1
§=In@IN—1) > k1,
k=1

and therefore:
F=c+$§
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These inequalities imply:
P i z )
)IEED LRSS SLED ot
P=A ¢p=a o=U p=a

This implies that the back-propagation algorithm is always faster than the direct method for computing
the Hessian of the error made by an “every day” neural network.

9.3 First order differentials

As demonstrated in the previous subsection, the pure back-propagation algorithm is faster than the direct
method for computing the Hessian of the error made by a “classical” neural network. But in order to use
it, we need to compute first order differentials. This can be done with first order back-propagation or
with a first order direct method, as explained in section 8. In this subsection, we study the complexity
of both methods in the case of “every day” neural networks.

9.3.1 Scalar output
If |O!| = 1 for each N € N, we have:

93)Dast(€) = > > @2PONSTE)| +oxrepay— 1)+ D (2l0utnST(I)| 1)
NleN NkePt(1) NtZOut

93iBas(E) = > Y 2[SE)NPTO)|+dnrermy — 1)+ Y, ISD]-1)
NleN NkeP+(l) N'gOut

Once again, it is quite difficult to compare directly both formulae.

9.3.2 Totally connected layered architecture

We use here assumptions, notations and results of subsection 9.2. In this case, we have:

(9.3.ii)  Darst(€) — Barst(€) =

SN (230 3 (PO stk - [SKk)NSTW)]) +200ut 0 ST SO | |

p=2 N'eL, q=1 NkeL,
which gives:

n p—2
(9.3.iv) Diirst(€) = Barst(€) = > 1,2 g (lp-1 — lgg1) +2 Z Lp(In — lp11)
p=3 q=1

This equation allows to conclude that for 2 layers, both methods are equ1valent.

In classic neural networks, the number of neurons decreases with the rank of the layer: we use a lot
of neurons in the first hidden layer, and this number goes down and down has we get closer to the output
layer. In this case, we have [¥*1 < [* for all £k > 0. This result implies that (P! < [9+1 when ¢ belongs
to [1,p—2]. Therefore, for a classic neural network with decreasing layers, D« (&) < Bgrst(€),
i.e., the direct algorithm is faster than the back-propagation method.

When the network has a special architecture (i.e., with a “bottleneck” in which an internal layer
has few neurons whereas its successor has a lot a neuron), we can have [**! > [*. In this case, the
back-propagation algorithm might be faster than the direct one.

In [3], Buntine and Weigend propose to use a hybrid algorithm. As the partial differentials % are
needed for all N* € NV, they propose to compute them with the back-propagation algorithm. Then, they

propose to compute the % with a forward propagation algorithm which is in fact similar to our direct
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method. In fact, the time complexity difference between the back-propagation and the direct method

used to compute only the g—(‘)’,i is the given by the first sum in equation 9.3.iv. The value is:

n p—2
(9.3.v) 23 1, > g (lp1 — lgt1)
p=3 q=1

This value is negative when the network has decreasing layers. Therefore, Buntine and Weigend’s choice
is the correct one. For special architecture, this is not the case. For a two layer network, the methods
are equivalent.

Moreover, the additionnal cost of computing the % with the direct method equal to:
n—1
(9.3.vi) 2Iv = 1) 1y,
p=1

whereas their computation with the back-propagation has a cost of:

n—1

(9.3.vii) > (21— 1)

p=1

Once again, these values are equal for a two-layer network. For a network with decreasing layers, the
direct method is obviously more efficient. Therefore, Buntine and Weigend’s method is optimal neither

for “every day” MLP, for which the back-propagation computation of 2% is not efficient, nor for special

9ol
o'

network with a bottleneck for which direct computation of §% might be unefficient.

In [13], Stephen Piché gives an algorithm to compute second differential in a recurrent network. His

method needs to have the first differentials of the output of the network with respect to its weights, g—g,

and to its inputs, 2&. Its needs also the Hessian matrix of the error made by the network and therefore

Ox *
its needs to know all the g—(‘)’,i. In this case, computing % and % can be done easily with the local
equations 4 and 6. Therefore, these differentials don’t have to be computed by the back-propagation
algorithm proposed by S. Piché. In fact, in network with decreasing layer, they will be computed thanks

to a direct algorithm (which will compute the g—(‘)’,i).

10 Conclusion and future work

In this report, we have introduced three different algorithms that can be used to compute second order
differentials in arbitrary feed-forward neural networks. These algorithms, and especially the pure back-
propagation algorithm (which performs better than the direct algorithm for MLP), can be used to extend
to other models second order techniques originally designed for MLP. They can be used for instance to
prune RBF or wavelet networks.

We have also studied the complexity of the proposed algorithms in some limited but important par-
ticular cases such as the MLP. We have shown that in many cases (for instance for MLP with decreasing
layers) the first order back-propagation algorithm cannot compute the first order differentials needed for
the Hessian computation as fast as the simple direct algorithm.

We need now to focus on a sharp analysis of the hybrid algorithm which might be faster than the two
other algorithms in some particular cases.
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