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Abstract

In this paper, we study a natural extension of Multi-La yer Perceptrons (MLP) to functional
inputs. We show that fundamental results for classical MLP can be extended to functional
MLP . We obtain universal approximation results that show the expressive power of functional
MLP is comparable to the one of numerical MLP . We obtain consistency results which imply
that optimal parameters estimation for functional MLP is statistically well de ned.

1 Intro duction

Functional Data Analysis (FDA, see[5]) is an extension of traditional data analysisto functional
data. In this framework, ead individual is characterized by one or more real valued functions,
rather than by a vector of R". The main advantage of FDA is to take into accourt dependencies
betweennumerical measuremets that describe an individual. If we represen for instancethe size
of a child at di erent agesby a vector, traditional methods consideread value to be independert
from the others. In FDA, the sizeis represerted as a regular function that maps measuremen
times to certimeters. FDA methods take explicitly into accourt the smoothnessassumptionson
the sizefunction.

In this paper, we show how Multi-La yer Perceptrons (MLP) can be directly applied to func-
tional data, so asto provide non linear function classi cation and regression. The non linear
modeling that can be obtained by functional MLP is not the only di erence with classicallinear
FDA methods. In generalthose methods rely on a nite dimensional represeration of studied
functions, for instance thanks to a spline basedapproximation (see[5] for a presenation of tradi-
tional FDA methods). In our model, we work directly with the studied functions, without using a
simpli ed represenation (section 5 describes precisely how this can be done on a practical point
of view).

The extension of MLP we proposeis very closeto an extension proposedand studied on a
pure theoretical point of view in [7]. In [7], M. Stinchcombe shows that traditional universal
approximation results for MLP can be extended to (almost) arbitrary input spaces,including
in nite dimensional vectorial spaces. These results rely on approximation of continuous linear
forms de ned on the MLP input space.In our work, we show how to practically realize this kind
of approximation, for instance by using traditional MLP.

Moreover, we show that training a parametric functional MLP on a nite number of function
examplesis statistically valid, asthe optimal parametersobtained thanks to those examplespro-
vide a consistert estimation of the real optimal parameters. This is a direct translation of classical
results, exposedin [8] for instance, available for numerical MLP.
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2 FROM VECTORS TO FUNCTIONS

The rest of the paper is organizedas follows: we start by introducing in section 2 the proposed
functional MLP model. Then we shaw in section 3 how results of [7] can be adapted to functional
MLP to show they are universalapproximators. In section4 we intro duce calculation of derivative
for parametric functional MLP by an adapted badk-propagation algorithm as well as our rst
consistencyresult. In section 5 we shonv how we can practically manipulate functions thanks to
nite set of (input, output) pairs and we introduce the full consistencyresult adapted to this
limited knowledge. We end this last section with a short discussionon links between numerical
MLP and functional MLP in someparticular cases.

2 From vectors to functions

2.1  Numerical neurons

A multi-la yer perceptron (MLP) is built with simple units called neurons. A n inputs MLP neuron
is characterized by a xed activation function, T, a function from R to R, by a vector from R"
(the weight vector, w) and by a real valued threshold, b. Given a vectorial input x 2 R", the
output of the neuronis T (w:x + b).

2.2 Functional neurons

It is quite simple to de ne a functional neuron, i.e., a simple unit that mimics the calculation of
a numerical neuron, but dealswith functional inputs.

If E is a vectorial spaceand E its dual, then a functional neuron is characterizedby a \ weight
form", w 2 E , an activation function T from R to R and a real valued threshold, b. Given an
input x 2 E, the output of the neuronis T (w(x) + b). Obviously, if E = R", a functional neuron
is in fact a numerical neuron. Our goal is not hereto radically changethe neuron model. It would
be possibleto allow arbitrary \w eight functions”, that is to usefor w any function from E to R.
We think that without the linear restriction, we are not anymore working with neural networks
and therefore that this kind of extensionis outside the scope of this article.

Of course,represerting elemeris in E is not easywhen E is not a nite dimensional vectorial
space. Fortunately, someparticular casesare easierto handle. Let bea - nite positive measure
on a measurablespaceX. Then when1l p< 1, (LP( )) canbeidentied with L9 ), where
g is p conjugate exponert. More precisely for eac continuous linear formpgv on LP( ), there
is an unique function f in L9 ) such that for each g 2 LP( ), w(g) = fgd (seelf] for
instance). In this casea functional neuron on LP( ) is characterized by a function f in L9( ),
an activation fgnction T from R to R and a real valued threshold, b. It computesthe function
H(g)=T b+ fgd R

More generally wecandene H(g) = T b+ fgd aslongasthe product fgis -integrable
forall g 2 E. If weconsiderfor instanceE = Cy(R"; R), the setof compactly supported cortinuous
functions from R" to R, we cantakef 2 L' ( ). In sud cases,using a simple represeration for
the functional neuron intro ducesa restriction on its weight set, which is now strictly included into
E .

Using functions rather than linear forms might seema matter of corvenience.In fact, the very
rst assumptionof FDA is that we are able to directly manipulate functions: FDA methods show
that working with functions is almost as easy as working with vectors of R". If we assumethat
integrals can be calculated (seesection5 for further discussionabout this), then using linear forms
which can be represerted by integrals is almost as easyas using functions. Therefore, we believe
that functional neurons have a similar complexity as other FDA methods. Moreover, we will
intro duce further simpli cations in this model in subsection4.1, without loosing any computing
power.
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3 COMPUTING POWER 2.3 Functional MLP

2.3 Functional MLP

As a functional neuron givesa real output, we have to use numerical neuronsexceptin the rst
layer of a functional MLP. In particular, a onehidden layer functional perceptronwith real output
computesa function of the following form:

Xk
H@= aT(+w(g); (1)

i=1

wherethe a; are real numbers, aswell the by, and w; are continuouslinear forms on E.
As in previous section, we can considerthe caseof linear forms that are de ned thanks to an
integral, for instance:
K Z
H(@= aT b+ figd ; 2)
i=1
wheref; are functions of a given functional space.
Of course, it is obvious to extend those de nitions to more than one output and/or hidden
layer. The only di erence betweena functional n-hidden layer perceptron and a numerical one is
that, as stated above, we usefunctional neuronsonly in the rst layer.

2.4 Multiple inputs

In this article, we restrict ourselvesto the casewhere ead individual is de ned by a singlefunction
from a subsetof R" to R. As explained below, it is very simple to extend the proposedmodel and
results to multiple inputs, but the preseration is simpler when we deal with only oneinput.

Allowing ead individual to be described by one function with vectorial values (in RP) is a
special caseof allowing multiple real valued functions for ead individual: the unique vectorial
valued function is replacedby its coordinate functions.

Let us therefore focus on the casewhere ead individual is described by p real valued functions.
This caseis obviously included in the generaldescription proposedin section 2.2. Let us consider
indeedthat ead individual belongsto E; E,::: Ep, whereead E; is a vectorial spaceof real
valued functions. Then obviously, E = E; E,::: E, is alsoa vectorial space.Using elemeris
in E , we cande ne a multi-functional neuron exactly asit is donein section2.2. Moreover, if we
can usea simple represenation for elemeris of E; for all i, then this represertation is also valid
for E , asalinear form on E is a linear combination of linear forms@n E;. Therefore, we de ne
a functional neuron with p inputs asfollows: H (g1;:::;0,) = T (b+ i”:l w; (gi)), where eath w;
belongsto E; . The output of a functional MLP with p inputs is given by the following equation:

“ 0 1
xP

Hgu:ig) = aT@+  w(g)A
1 j=1

As in the previous section, w;; can be represeried by an integral.

3 Computing power

3.1 Denitions and existing results

Following [7], we intro duce somede nitions:

De nition 1. If T is afunction from R to R and n a positive integer, S{ is the set of functions

exactly computed by one hidden layer perceptronswith n inputlg and one output, and using T as

activation function, i.e. the set of functions of the form h(x) = i”:l iT(wi:x+ b) wherep2 N,
i 2R, and (w;;b) 2 R"*1.
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3.2 Corollaries for functional MLP 3 COMPUTING POWER

If X is a topological vector space,A a subsetof X and T a function from R to R, S¥ (A)
is the set of functions exactly computed by one hidden layer functional perceptrons with input
in X, oge real output, and weight forms in A, i.e. the set of functions from X to R of the form
h(x) = i”:l iT(i(x) + b) wherep2 N, 2R, 2Randl; 2 A.

Note that A canin fact be any set of functions from X to R, in which casewe do not introduce
constart terms by.

Seeral approximation results shav that S? and S5 (A) are inside or outside densein di eren't
functional spaces.For instance, we have [4]:

Theorem 1 (Hornik 93). If T a measurable function from R to R is non polynomial and
Riemann integrable on somecompact interval (not reduced to one point) of R, then S contains a
subsetthat is uniformly denseon compacta in C(R";R) (the space of continuous functions from
R" to R).

and [3]:

Theorem 2 (Hornik 91). If T from R to R is measurable, bounded and non constant, and if
is a nite measure on R", then SY is densein LP( ) for1 p<1.

In the very generalcase,we have [7]:

Theorem 3 (Stinc hcombe 99). Supmsethat S} contains a subsetthat is uniformly denseon
compactain C(R;R). Let X be a topological space, K a compact subsetof X and A a vector space
of real valued measurable functions on X. If the intersection of C(K;R) and the closure of A
according to the uniform norm contains the constant functions and serates points in K, then for
each compact setK X, S¥ (A) contains a set that is densefor the uniform norm in C(K;R).

In the in nite dimensional context, the previous theorem can be simpli ed into the following
corollary:

Corollary 1 (Stinc hcombe 99). Supmse that S} contains a subsetthat is uniformly dense
on compacta in C(R;R). Let X be a topological vector space and let A be a dense subset of
X (considered with the weak topology). Then for each compact setK X, S¥ (A) contains a
setthat is densefor the uniform norm in C(K;R).

3.2 Corollaries for functional MLP

Our goal is to adapt the recalled results to functional MLP. Of course,theorem 3 and corollary 1
give more or lesseverything that is neededon a theoretical point of view: aslongasA and T satisfy
somequite general properties, S§ (A) is powerful enoughto allow approximation of contin uous
functions from a compact subsetof X to R.

But on the practical point of view, this is not directly helpful, as manipulating elemens of A,
(in general,continuouslinear forms on X ), is not easyin the generalcase.In this section, we shov
that a kind of two levels approximation is in fact implied by theorem 3: if we can approximate
linear forms on X, then we can also approximate functions in C(K; R).

Corollary 2. Let bea nite positive Borel measureon R". Let1< p 1 bean arbitrary real
number and g be the conjugate expnent of p: Let be a densesubsetof L9( ) . Let Ay be the
set of linear forms on LP( ) of the form I(f) = fgd , wheeg?2 M. Let T be a measurable
function from R to R that is non polynomial and Riemann integrable on some compact interval
(not reduced to one point) of R. Then S#p( )(AM) contains a set that is densefor the uniform
norm in C(K;R), where K is any compact subsetof LP( ).

This corollary shows that aslong aswe can approximate functions in L9( ), then a functional
MLP can be usedto approximate functions in C(K;R) , where K is a compact subsetof LP( ).
Theorem 2 provides generalapproximation results for L9( ), which meansthat M canbe Sj for
instance, for a well chosenU.
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4 TRAINING FUNCTIONAL MLP 3.3 Multiple inputs

Corollary 3. Let be a nite positive compactly supprted Borel measure on R". Let T ke a
measurablefunction from R to R, that is non polynomial and Riemann integrableon somecompact
interval (not reduced to one point) of R. Let M be a subsetof L* () that contains a set which is

uniformly denseon compacta in C(R";R). Then S#l( )(AM ) contains a set that is densefor the
uniform norm in C(K;R), wher K is a compact subsetof L*( ).

The proof of corollary 2 could be extendedto p = 1, and therefore, one might wonder why
corollary 3 is useful. As pointed out in [7], no S setis densein L ( ). Therefore, corollary
2 main assumption (M is denseL9( )) cannot be satis ed by MLP basedapproximation. This
reducesgreatly the interest of corollary 2 for p= 1. That's why corollary 3 is useful: as shovn by
theorem 1, S} can be usedto provide approximation to cortinuous functions on a compact set.
Therefore, the situation for p = 1is quite similar to the onethat standsfor p> 1, exceptthat the
measurehasto be compactly supported.

This meansthat when K is a compact subsetof a LP( ) functional space,any function from
C(K;R) can be approximated to a given precision level by a functional MLP that usesa nite
number of parameters (becauselinear forms are represerted thanks to numerical MLPs). This
meansthat despite the radical changein the input spacedimension (from R" to a compact subset
of a functional space),we can still e ectiv ely approximate contin uous functions.

It is very common in FDA to assumethat studied functions are smooth, that is at least
cortinuous. If we only consider compact input spacesfor those functions, their caseis covered
by corollary 2. Indeed, cortin uous functions (or more regular functions) on a compact subsetW
of R" are obviously elemeris of L ( ) where is the restriction of the Lebesguemeasureto W.
Moreover a compact subsetK of a spaceof regular functions (consideredwith the uniform norm)
is a compact subsetof L* ( ). This meansthat any continuous function from K to R can be
approximated by a functional MLP aslong asL!( ) can also be approximated.

3.3 Multiple inputs

Corollaries proposedin the previous subsectionare based on theorem 3 and corollary 1. Both
results make very few assumptionson the input spaceof \extended" MLP. Those assumptions
are obviously ful lled by products of LP spacessuch asX = LP1( ;) ::: LP( ). In orderto
apply corollary 1 we basically needto be able to approximate elemerns of X . As an elemen of
X is alinear combinaison of elemeris of (LP ( ;)) , this doesnot intro duce any problem aslong
asl< pi <1 (seeproof of corollary 2, subsection7.1). In this case,it is easyto apply corollary
1 and therefore to extend corollary 2 to r inputs functional MLP.

The caseof p; = 1 is handledin a similar way, but reliesdirectly on theorem 3. For p; = 1, we
have to add the hypothesisthat the corresponding measure ; is compactly supported. Anyway,
the r inputs fulll conditions of corollaries 2 and 3, we can apply theorem 3 to conclude that
universal approximation is again possible.

4 Training Functional MLP

4.1 Parametric approach

The simplest way to use functional MLP in practical settings is to rely on parametric approx-
imation of functions used to represen linear forms. More precisely we assumethat W is a
compact subset of R' and that we have a function F from W R" sud that for eah w 2
W, the function x 7! F(w;x) belongsto L9 ), where be a nite positive Borel measure
on R". Rather than working with an arbitrary dense subset of L9( ), we dene Mgw =
fg2 L9 )j9w 2 W; 8x 2 R"F(w;x) = g(x)g. We call F a parametric regressor.

A parametric regressorallows to de ne a functional neuron as a function H from W LP( )
to R asfollows: 7

H(w;b;g)=T b+ F(w;x)g(x)d (x) ; ©)

CEREMADE preprint 0134(2001) 5



4.2 Derivativesfor a functional neuron 4 TRAINING FUNCTIONAL MLP

where T is the activation function of the neuron, a function from R to R, and bis a real number
(the threshold of the neuron).

Of course, it is possibleto usea di erent parametric regressorfor ead functional neuron in
the functional MLP. Therefore, a one hidden layer functional perceptron computesthe following
function from W, R%  LP( )to R:

X z
H(Wh;wo;0)=  aT b+  F'(wy;x)gx)d (x) ; (4)
i=1

whereW, = W1 ::: WK (and thereforew;, = (Wﬂ];:::;wr'j)) andw, = (ag; by az; bp; i ax; ).

In the parametric framework, training a neural network means adjusting its parameters in
order to minimize a given objective function, in generala distance betweena target function and
the function calculated by the network. One way to optimize such a distance is to use gradient
based algorithms, which implies to compute the derivative of the distance with respect to the
di erent numerical parameters,thanks to back-propagation (more precisely a generalizedone, see
[2]). In order to do this, we must compute the derivativ e of the function calculated by a functional
neuron with respect to the parametersof its parametric regressor.

4.2 Deriv ativ es for a functional neuron

We needto derivate the mapping w 7! H(w;b;g) = T b+ RF(W; x)g(x)d (x) . If we assume

the partial derivative % exists -almost everywhere, is measurable,and that there is a positive

fgnction f in L9( ) such that %(W; X) f (x) for all -almost x, then the mapping w 7!
F (w; x)g(x)d (x) is di erentiable, and we have:

R Z
@ F(w;x)g(x)d (x) F
w; Q) = —(w; x)g(x)d (x
av (w; 9) @v( )g(x)d (x)
Now, if the activation function T itself is derivable, we have:

Z Z
%(w;b:g): T b+ Fwix)g)d (%) %(w:x)g(x)d )

If F is computed thanks to a MLP, % can be computed e cien tly thanks to an extended back
propagation (see[?]). If F provides a vectorial output, the extended back propagation is much
faster than a basic one, becausewe can compute %(w;x)g(x) directly rather than computing

rst % and then the scalar product (details can be found in [1]).

43 MLP case

The caseof functional MLPs is covered by the extended badk propagation de ned in [2, 1]. The
main requiremert of this work is to be ableto compute the derivative of the output of ead neuron
with respect to its parameters, and with respect to its inputs (except for input neurons). We
are exactly in this casefor functional neurons as previous section allows to compute the needed
derivativ e (functional neuronscan only be usedasinput neurons).

4.4 Consistency

Our goal is to obtain an approximation of a mapping from a set of functions to R. There is no a
priori reasonfor this to be possibleif we know only a nite number of input/output pairs. It is
well known that a statistical analysisof neural network learning allows to prove that neural model
parameters estimation is consistert (see[8]). Our aim is to prove a similar result for functional
neural networks.

Following White [8], we prove a generalresult that makes minimal assumptionson the error
function and on the exact calculation done by the functional parametric model. We have:
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5 PRACTICAL SETTING

Theorem 4. Let X be an arbitrary metric space considered with its Borel sigma algeba. Let
( ;A;P) beaprobability space on whichis de ned a sequene of independentidentically distributed
random elements, Z;, with valuesin X. Let W be a compact metric space. Let | be a function
fromW X to R. We assumethat the following conditions hold:

1. For eachw 2 W, I(w;:) is a measurable function from X to R.
2. For eachx 2 X, I(:;x) is a continuous function from W to R.

3. there is a positive measurable function d (from X to R) suchthat for all x 2 X and for all
w2 W, jl(w;x)j < d(x).

4. E(d(Z) < 1.

Then for each n, there exists a solution W, to the problem minyow bn (w), where bn (w) =
% ", (w;Zi). If W is the set of minimizers on W of the function (w) = E (I(w; Z)), then
d(lw,;W )! 0P almost surely.

This theorem is an extension of theorem 1 from [8]. In [8], X and W are nite dimensional
vectorial spaces.The ability to extend the theorem to arbitrary dimensionsallows us to apply it
to our practical problem. We considerthat the training set of our functional neural network is
made of a nite number of input/output pairs, (gi;yi) where g; is a function in LP( ) andy; is
the corresponding expected output (a real number). Each exampleis consideredas a realization
of a random variable Z; with valuein X = LP( ) R. The Z; are consideredindependert
and identically distributed. W is the set of usable parameters for the functional neural network
and | combines both the mapping performed by the MLP and an error measure (for instance
the quadratic error). The practical meaning of the theorem is that by optimizing the network
parameterson a nite number of samples,we do not make systematic errors: the estimation is
strongly consistert in the sensethat if we increasethe number of samples,the network parameters
convergeto the set of optimal parameters(almost surely).

As X can be an arbitrary metric space,it is obvious that this theorem appliesto the caseof
multiple functional inputs.

5 Practical setting

5.1 Intro duction

The proposedframework allows to precisely de ne how a neural network can be usedto compute
function from a functional spaceto R. In practical settings, input functions are in general only
known through a sampleset, i.e., we know a set of input/output pairs (x;;f (x;)). In general,each
X; correspondsto a measuremeh that has beenrandomly chosen. Moreover, it is quite common
to have di erent evaluation points for ead input functions.

In the previous section, we showved that optimal parameters obtained with a nite number
of samplescornverge almost surely to real optimal parameters. The problem is that the previous
theorem relies on exact calculation of the error made by the network. In practical settings, we
have only approximate knowledgeof this error. We show in this sectionthat the consistencyresult
can be extendedto the practical case.

5.2 Probabilistic framew ork

Let us assumethat we have a sequenceof sequence®f evaluation points, x{ ~ sud that eac

. . . i2N
x! is the realization of a random variable X! with valuein R" (the X! variables are independert
identically distributed random variables on the probability space( ;A;P) and we denotePx the
probability measureassaiated to every X /).

CEREMADE preprint 0134(2001) 7



5.3 Consistency 5 PRACTICAL SETTING

Let us considerfor instance a functional one hidden layer perceptron that computes:

K Z
H(a;b;w;g) = aT b+ wgdPx ;
i=1

whereg 2 LP(Px ) and each w; belongsto L9Pyx ). We can de ne the following random variable:
|
, X 1 X . o
M bw;g), = aT b+ N wi (X)a(X!)

i=1 1=1

In practical setting, we have a sequenceof functions g/, ead of which is asseiated to the corre-
sponding sequenceof evaluation points (x! )i2n and we replaceH (a; b;w; g ) by the corresponding
realization of ¥ (a; b;w; g )irni , wherem; is the number of evaluation points takeninto accourt for
the actual calculation. Under reasonableassumptions,#?(a; b;w; g )irni convergesalmost surely to

H (a;b;w;g') whenm; goesto in nit y. The problem is that theorem 4 relies on exact calculation
of the error criterion, that is on exact calculation of ead H (a; b;w; @ ) in order to provide almost
sure corvergence.Therefore, it cannot be applied directly to the practical case.

5.3 Consistency

Fortunately, we have the following theorem:

Theorem 5. Let Z be an arbitrary metric space considered with its Borel sigma algeba. Let
( ;A;P) bea protability space on whichis de ned a sequene of independentidentically distributed
random elements, X, with valuesin Z and let us denote Px the induced measure on Z and

I
1. F!is a function fromW! Z to R
2. W' is a compact set
3. for each x 2 Z, F'(:;x) is a continuous function from W' to R
4. for eachwl, 2 W!, F(w};:) is a measurable function from Z to R
5. the function from X to R, SUPy 2w/ F'(w;:) belongsto L9(Pyx ).

We denote W, = W' ::: WK, Let G' be a sequene of independent identically distributed
random elementsde ned on ( ;A;P) with valuein LP(Px) (p and g are conjugate exmpnents)
and let us denote G = G*.

Let O be an arbitrary metric space considered with its Borel sigma algeba and let Y' be a
segquene of independent identically distributed random elementsde ned on ( ;A;P) with value
in O. We denoteY = Y1,

Let | be a function from Rk O W, to R, where W, is a compact set. We assumethat:

1. for eachy 2 O, I(:;y;:) is uniformly continuous on RK W,
2. for eachw, 2 Wo, 1(:;:;Wo) is measurableon R O
3. there is a measurablefunction d°from O to R suchthat jl(x; y;wo)j < d¥y) for all x and wq

4. E(dUY)) < 1

8 CEREMADE preprint 0134(2001)



5 PRACTICAL SETTING 5.4 Link with traditional approaches

We de ne
0 1
1 X 1 X

FLwh: X! G X' i = FR wloxi G XT o YhiweA
h m h | J

b (Wh'W)—— | @—
n ’ (o)
i=1 ij:il.

with m = inf;y ; , m;, and

Then for each n and m, there exists a solution W' to the problem minyow, w, bnm (Wh;Wo). If
W is the set of minimizers of (wWnh;Wo), thenlimyn  limmin  d(W); W ) = 0 P almost surely.

This theorem givesa direct answer to our problem. It shows indeed that even if we replace
H (a;b;w; d) the exact output of a functional MLP by an approximated output Pb(a;b;w; g )J'mj ,
a consistent estimation of optimal parametersis still possible. The formulation of the theorem is
a little bit technical becausewe hide into | both part of the functional MLP (everything except
the integral calculation) and the error function. If we considerfor instance a quadratic error, we
cande ne | asfollows:

)

X
[(u1;:i05 Uk Y; Wo) = aTh+u) y ;
i=1

where w, = (ag;by;:::;ac; ) 2 R¥. Each u; is the output of the weight form assaiated to
hidden neuroni.

The practical meaningof the theoremis that if both the number of functions and the number of
evaluation points for eac function goto in nit y, the estimated optimal parameterscorvergealmost
surely to the true optimal parameters. The only limitation of the theorem is that the number of
evaluation points neededto achieve a given accuracy dependson the number of functions.

5.4 Link with traditional approac hes

The proposed model can be compared to traditional multi-la yer perceptron if we make some
restrictive hypothesis on the consideredpractical setting. Input functions are sometimesonly
known through a nite set of input/output pairs. Let us restrict further this assumptionin this
section: we assumethat for eadh functional input submitted to the functional network, the input
sampling points are identical. To simplify further the analysis, we assumethat ead functional

avector in RN .
In this particular case,the estimated output of a functional MLP can be rewritten as follows:
0 1

X 1 X
Rabwgn = aTOh+ & w(gh
i=1 i=1

Let us now consider a traditional one hidden layer perceptron, based on the same activation
function. Givena N dimensionalinput, its output is given by a formula of the form:
0 1
X X
U, ;p;g) = T@+  pigA

i=1 j=1

Models are obviously very close. The main di erence is that in the traditional approad, the
connection weights (p; ) are freely chosen,whereasin the functional approad, they are replaced
by the output of parametric regressorg Niwi (1)). This di erence have important consequencefor
complexity tuning of the neural network.
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6 CONCLUSION

In the traditional model, the only meta parameter that can be tuned is the nhumber of hidden
neurons|. The number of numerical parametersis (2 + N) and is directly proportional to the
number of inputs. On the contrary, the functional model allows to chooseboth the number of
hidden neuronsk and the complexity of internal parametric regressors. If we considerthe case
of numerical one hidden layer perceptrons as parametric regressors,the number of numerical
parametersis k(2 + 3m), where m is the number of hidden neuronsin ead internal MLP. The
main advantage of this approacd is that the number of parametersis not directly linked to the
number of inputs.

In fact, the proposedmodel is a kind of regularization method. Rather than allowing arbitrary
weights, we restrict them to weight setsthat can be computed by a function. It is traditional to
use weight sharing when the number of input of the neural network is high. For image analysis
for instance, it is quite common to use the linear combination part of the neural network in a
convolution mode: the real set of weights is far smaller than the neededset. Missing weights are
replaced by O (i.e., wi(j) = 0) and a global set of weight is usedto de ne a non linear moving
Iter (eadh w; is obtained through a translation of a main w).

6 Conclusion

We haveintroducedin this paper Functional Multi-La yer Perceptrons(FMLP), anatural extension
of MLP to functional inputs. We have shownn that the proposedmodel shareswith numerical MLP
two fundamental properties:

1. FMLP are universal approximators
2. FMLP parametersestimation is consisten

Those properties give strong theoretical foundations to FMLP. We need now to study practical
behavior of the proposed model, especially on real world data. We hope to extend previously
reported successesf Functional Data Analysis which were mostly basedon linear models.

10 CEREMADE preprint 0134(2001)



7 MATHEMATICAL APPENDIX

7 Mathematical App endix

7.1 Corollary 2

Proof. If 1< p< 1, weknow that L9 ) (with q< 1) canbeidentied with (LP( )) (seefor
instangg [6]). More precisely for ea | 2 (LP( )) there is an unique function f 2 L9( ) sothat
[(g) = fgd . By hypothesis,M is densein L9( ). This obviously implies that Ay is densein
(LP( )) for the weak topology. Hypothesison T allowsto apply theorem 1 which implies that
St contains a subsetthat is uniformly denseon compactain C(R;R). The conclusionis then
obtained by applying corollary 1.

If p= 1, we cannot apply directly corollary 1 asthe dual of L* () is not g*( ). Let us
neverthelessconsiderA the setof ane functionsonL! ( )dened by I(f)= + fgd , where

is an arbitrary real number and g is an arbitrary function from M L%( ). A is obviously a
vectorial spacewhich contains constarnt functions of C(K; R). Let us now show that A separates
points in K. Let u and v be two distinct functions of K. The function f = u v is a non zero
function belongingto L* ( ). We can assumethat the measurablesetH = fx 2 RR i f(x)> Og
hasnongero nite rpeasure(if it is not the case,replacef by f ). Then, obviously f wd >0,
thatis u yd 6 v yd . As is nite, y belongsto L( ). As M is densein L1( ), there
is a sequencehy of functions in M that corvergesto . We have obviously

Z Z

f(he w)d ifiy he wd

R
Tbgrefore,thﬁre is an index k such that f hyd > O, that is there is a function hy 2 M sudc
that uhyd 6 vhyd . Therefore, A separatespoints in K. The conclusionis then obtained by
applying theorem 3. O

7.2 Corollary 3

Proof. Thanks to Lusin theorem (e.g., [6]), we know that for any function f in L ( ), there is
a sequenceof compactly supported cortinuous functions gx that convergespunctually to f and
such that jogkji  jfji . A simple gpplication of Lelesguedominated corvergencetheorem shows
that for any function h in L( )R %hd 'ra fhd . Then, as is compactly supported,
there is a compact K such that gchd = | gchd . Then, thanks to hypothesis, ea g« can
ke approximated by a function  in M sud that sup,x jok(X) k(X)j < % In this case
Rk 9hd k phd < %khkl. As is compactly supported, this allows to conclude that

khd ! w1 fhd . Therefore, the set of linear forms Ay is densefor the weak topology
in LY( ) , providedthat is nite and compactly supported. The conclusionof the corollary
is then obtained by applying corollary 1. O

7.3 Theorem 4

We need rst an uniform strong law of large numbers:

Theorem 6. Let X be an arbitrary metric space considered with its Borel sigma algeba. Let
( ;A;P) beaprokability space on whichis de ned a sequene of independentidentically distributed
random variables, Z;. Let W be a compact metric space. Let | be a function fromW X to R.
We assumethat the following conditions hold:

1. For eachw 2 W, I(w;:) is a measurable function from X to R.
2. For eachx 2 X, I(:;x) is a continuous function from W to R.

3. there is a positive measurable function d (from X to R) suchthat for all x 2 X and for all
w2 W, jl(w;x)j < d(x).

4. E((Z) < 1.
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7.3 Theorem4 7 MATHEMATICAL APPENDIX

Then we have:

1 X -
sup —  I(w;Zi) E((w;Z) ! {1 O
w2w N,

In order to prove this theorem, we need rst a simple lemma:

Lemma 1. Letl be a function from X Y to R, wher X a semrable metric sppce and Y is a
metric space (considered with its Borel sigmaalgebn). If | is continuous on X for each xedy 2 Y
and measurableon Y for each xed x 2 X, then the function f (y) = sup,,x |(X;y) is measurable.

Proof. As X is separable, there is a denonbrable set X° = fx; j i 2 Ng densein X. Let
us show that f (y) = sup.,xol(X;y). Let us considera xed y 2 Y. Let be an arbitrary
positive real number. By de nition of f, there is x 2 X sud that I(x;y) fly) 5. As
I(:;y) is continuous in X, there is  sud that jx° xj < implies jl(x%y) [(x;y)] < 5, Which
implies I1(x%y)  f(y) . As X%is densein X, there is x° 2 X0 such that jx° xj <

This implies f (y)  supoxol(Gy)  f(y) . As this is true for eadh , we have obviously
f(y) = sup,xol(X;y). Therefore,f (y) = sup,n [(Xi;y). As ead function I(X;;y) is measurable,
the sup is also measurable. O

We can now give the proof of the theorem:
Proof. Let us considerwg 2 W. We call W(wp; ) = B(wp; )\ W, a compact neighborhood of
wo. Note that compacity of W (wp; ) implies that this setis separableand therefore that lemma
1 can be applied. Let us showv we havelim | o E  SUPyow (w,: ) (Wi Zt) = E (I(wo; Zt)). First of
all, thanks to the lemma, we know that sup,,,w (w,: y [(W;:) is measurable.Next, it is obvious that
for each x 2 X, supyow (w,: ) (W;X) ! 1(wo;Xx) when goesto O, by cortinuity of I. Moreover,
SUPy2w (we: ) I (W;X) < d(x). Then the proposedresult holds thanks to dominated convergence.

Obviously, this result is alsotrue for E infyow (w,; ) I(W; Zt) .
Let us x anarbitrary realnumber > 0. Then, for each w, 2 W, thereis > 0 (that depends
on wo) such that E  supyow (w,: ) (W; Zt) E (I(wo;Zt)) + 3 and E infyow (w,; ) [(W; Zt)

E (I(wo;Zt)) 3. Then as
!

1 X 1 X .
sup = lw;Zi) E(w;Zy) = sup  I(w;Zi) E( _inf  I(w;Zy))
W2W (wo; ) N i=1 n =1 W2W (wo; ) w2 W (Wo; )
we have

X o
sup —  Iw;Zi) E(l(w;Zy) = sup  I(w;Zi) E(I(wo;Zy)) + 5
wW2W (wo; ) N =1 n i=1 W2W (wo; ) 3

But sup,2w (w,: ) I(W; X) is measurable(and integrable when composedwith Z; by domination by
d), and therefore, the strong law of large numbers says that, almost surely,
!
X
m — sup I(w;zZi)=E sup  I(w; Zy)
MLN L waw (e ) W2W (wo; )

Let us considera corverging realization, z;. Then there is N such that n N implies
!

1 X 2

= sup  I(w;z) E sup I(w;Zy) + = E(I(wp;Zy)) + —

N o w2w(wo: ) W2W (Wo: ) 3 3

Therefore,n N implies
!

1 X
sup = l(w;z) E(I(W;Zy))
W2W (wo; ) N i=1
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7 MATHEMATICAL APPENDIX 7.3 Theorem4

As W is compact, it is covered by a nite number of W(w;; ). As this covering is nite,
cornvergenceoccurs almost surely simultaneously on each W (w;; j). For a converging realization
zi, thereisa N sudh that n N implies the majoration is valid on each W (w;; j) and therefore
that I

" !

1
sup = l(w;z) E(I(w;Zy))
waw Mo,
A similar proof shows that for eat converging realization z; (which occurs almost surely) there
isN suchthat n N implies
!

: X
W|£1\fN Hi:ll(w;zi) E (I(w; Zy))

Therefore, for ead converging realization z; (which occurs almost surely) there is N such that
n N implies

X
sup = I(w;z) E((w;Zy))
waw N

Therefore,

1 X <
sup —  I(w;Z)) E((w;z)) ! {0
wew N,

O

With this uniform strong law of large numbers, we can prove theorem 4 exactly as the corre-
sponding theorem in [8].

Proof. We have the following steps:

1. (w) is continuous. By cortinuity of I, I(w%x) corvergespunctually to I(w;x) when w°
corvergesto w. Moreover, | is dominated by d. Therefore, the dominated convergence
theorem implies that E (I(w% Z;)) corvergesto E (I(w;Z;)) whenw° corvergesto w.

2. let us considera realization z; for which uniform cornvergenceof bn to occurs. Of course,
eac P, is continuous on a compact set and therefore, there is a sequencel, of minimizers.
BecauseW is compact, this sequencehas at least an accunulation point, wp, with a subse-
guencew,o that convergesto it. Let be an arbitrary positive real number. is uniformly
cortinuouson W and thereforethereis suc that jw® wj< impliesj (w) (w9j< . By

uniform convergence,for n® su cien tly large, b.o ) < . For n%sucien tly large, we
have alsojWno  Woj < . This implies Py o(Wyo) (wWp) < 2. This implies that for any w,

(Wo) (W) 3, becausebno optimality implies Pro(Wno)  Pro(w) 0, Bpo(w)  (w)
by uniform cornvergenceand we have just provedthat (wg) bno(\mno) < 2. Asthis is true
for all , we have for all w, (wp) (w), which shows that wp 2 W .

3. nally, let us assumethat we don't have d(Ww,;W ) ! 0. Then there is a positive real
number and a subsequenceW,o sud that d(W,o; W ) > for all n°% But o is still a
sequenceof minimizer in a compact set and astherefore an accumnulation point in W which
is impossibleas d(W,o; W ) >

O
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7.4 Theorem 5

Proof. First of all, we apply the uniform strong law of large numbersto F'(w}; X )G(X) (theorem
6). This is possibleaccordingto the following reasons:

the function h(x; w) = F'(w; x)g(x), where g belongsto LP(Px ), is cortin uous with respect
to w for ead x, accordingto hypotheseson F'

h is also measurablewith respect to x for ead w, again as a direct consequenceof the
hypotheses

accordingto lemma 1 applied to jhj, the function d(x) = SUPw2w/ F'(w;x)g(x) is measur-
able

q = 1
E(d(X)) E sup.w, F'(w;X) " E(jg(X)j®)? < 1 again basedon hypotheseson
F! and g.
According to theorem 6, we therefore have

sup mi FI(W;in)g(in) E(F'(w: X )g(X)) ! s o
w2W} =1

for any measurablefunction g 2 LP(Px ).

As a secondstep, we apply again the uniform strong law of large numbers to the function
K(Wh;Wo; iy) = | E FL wk; X g(X) ;::i;E FK wi; X g(X) ;y;w, . This is possible ac-
cording to the following reasons:

the function K°((wh;Wo);(g;y)) = k(wh;Wo;0;y) is cortinuous on w = (w;w,) for ea

LP(Px). Indeed,E FI WL;X g(X) iscontinuouson WL for each g: asF! is continuous

on w for eat x, the function Fi (w%:)g(:) corvergespunctually to Fi (w;:) g(:) when w°
cornvergesto w. Moreover, F! (w;:) jg(:)j is dominated by SUPy2w! Fl'(w;2) jo(2)j, which is
integrable by hypothesis. Thanks to dominated cornvergencetheorem, this obviously implies
the continuity of E FI wi ;X g(X) .

kY is measurablewith respect (g;y) for eah (wh;W,). This is a direct consequenceof hy-
potheseson | and of the fact that E F! WL;X g(X) is continuouson g for eath WL

accordingto lemma 1 applied to jkY, the function

c(gry) = sup JK(Wh; Wo); (93 Y))i

(WhiWo)2Wpn W,
is measurable
E(c(G;Y)) < 1 again by hypothesison |
According to theorem 6, we therefore have
X

1 S N
sup = K(WhiWo;G'Y)  E(k(wniwo;GiY)) ! FE 0
(WhWo)2Wp W, =1

Now we move to the nal step. Let us considera sequenceof G' and Y' for which the previous

convergenceoccurs (such sequenceccur almost surely), respectively g' and y'. Let " > 0 be an
arbitrary real number. According to the previous result, there is N such that foreadin N,

10 o "
sup - K(Wh;wo;d';y')  E(k(Wh;we;GY)) < =
(Wh;Wo)2Wh W, n i=1 2
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Let us x n biggerthan N. As| is uniformly cortinuouswith respectto z andw, for eay' there is
' > Osudthat for eahw, jl(z;w;y') 1(z%w;y')j < 5 aslongasjz z§ < '. Nowremenberthat
for any g we haverecalleda uniform and almost sure convergenceust above. As we have a denom-
brable number of functions, we have an almost sure corvergencefor all those functions together.
Therefore we can considerwith probability one corverging sequence®f in, x} . For each ¢, there
is M such that m; ~ M; implies sup,ow, == o F'(Wix))g'(x})) E(F'(w;X)g (X)) <
foread|. LetuscallM" = sug ,M;. Form M", wehavefor eadhi n and for all (wp;Wo):
0 1
|@1XnF1W1.Xi il e 1anka.Xi i vrwe A K (W .i.i<"
H]-l hXp 9 X ,...,—j_l X 9 X JY Wo (Wh;Wo;d;y") 5

This obviously implies that for all (wp;wo) :

1 X S
™ (Wh ; Wo) - K(Wh;wo;g';y') < >
i=1

where ' (wp;W,) is the corresponding realization of bnm (Wh;Wo). Combining this inequality
with the rst obtainedin this nal step,we obtain the following conclusion: if " > 0 is an arbitrary
real number, there is almost surely N such that for eacan N, there is almost surely M " such
that foreahrm  M", sup, woy2w, wol n (Wh;Wo) (Wh;Wo)j < ". Therefore,

lim lim sup bnm (Wh ; Wo) (Wh;wo) = 0P as:
ML m wy wo)2Wh Wo

The nal conclusionof the theorem canbe obtained exactly asfor theorem 4 (seeprevious section).
o
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