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Abstract| In this pap er, we prop ose a way to apply Multi
Layer Perceptron (MLP) to Functional Data Analysis. We
intro duce a computation model for functional input data

and we show that this model is a well behaving extension of
MLP: we show that the prop osed mo del has the univ ersal
appro ximation prop erty. Moreo ver, parameter estimation
for this model is consisten t. As a conclusion, we demon-
strate functional MLP possibilities on simulated data and
show they perform better than numerical MLP for a given
num ber of parameters.

I. Intr oduction

In many practical situations, studied objects can be ac-
curately described by one or more regular functions. For
instance, the sizeof a child at di erent agesis a continuous
function from a real interval to R (see[1]). Another ex-
ample is provided by the annual temperature variation in
a given region: previous yearscan be usedto predict the
next year whole climate thanks to auto-regressie func-
tional models, asin [2].

It might betempting to considerfunctional data asclas-
sical multiv ariate data, becausethey are in general de-
scribed by a nite set of input/output pairs (for instance
a set of agesis assaiated to a corresponding set of sizesin
the previously preseried example). Unfortunately, multi-
variate manipulation doesnot take into accourt smooth-
nessor more generally structure of the underlying func-
tions, and numerous practical studies have shown that a
direct functional approach gives better results. This is
the purpose of Functional Data Analysis (FDA), which
is comprehensiely preseried in [1]. Moreover, in many
cases,measuremen points di er from oneinput function
to another: multiv ariate treatment is not possibledirectly
in this case(seesectionlV for examples).

FDA methods are in generalbasedon linear modeling.
Moreover, obsened functions are generally replaced by

the coordinates of their projection on a well chosenbase:

it is quite common for instance to use a spline basedap-
proximation of input functions. This allowsto fall back to
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a multiv ariate approach, but without loosingthe smooth-
nessassumption which can be taken into accourt during
the projection (and alsodirectly within the method).

In this paper, we proposeto use Multi Layer Percep-
trons (MLP) for FDA, so as to enable non linear pro-
cessingof functional inputs. Our model doesnot use ba-
sis function expansionand can therefore work directly on
functional inputs.

The rest of this paper is organizedasfollows: we presen
rst our model. Then we givetheoretical resultsthat show
the proposedmodel is an universalapproximator and that
consistert estimation of optimal parametersis possible.
We conclude with simulation results that illustrate the
results our model can achieve.

[l. Functional Mul ti Layer Per ceptr ons

A. Neurons with in nite dimensional input

On a theoretical point of view, there is no obvious rea-
sonto restrict MLP to nite dimensionalinputs. Indeed
a classicalMLP neuron mapsan input x to the real out-
put T(b+ wx), where T is an activation function from
R to R, b a real number and w a vector from R", ex-
actly asx. WhereasT and b cannot be easily extended,
X 7! wx can: this function is a linear form on the input
spaceR", characterized by the vector w. If we considera
generalvectorial input spaceX , we can usea\w eight" w
from X , the dual of X, i.e., the set of cortinuous linear
forms on X . With this approadc, a generalizedneuron
maps an input x 2 X to the real output T(b+ w(x)). In
this formula, w(x) is the generalizationof wx to arbitrary
vectorial space. This approad is rather natural and was
precisely studied on a theoretical point of view in [3].

Using generalized neurons, it's easyto build a MLP
that works on an arbitrary vectorial spaceX . As gener-
alized neurons provide a real output, we use them only
in the rst hidden layer. Subsequeh layers use numeri-
cal neurons. For instance, an one hidden layer perceptron
with onereal output computesa function of the following
form:

X
H(g) = ‘ aT(bh+wi(g); 1)

i=1
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where the a; are real numbers, as well as the b, and w;
are continuous linear forms on X .

B. Functional MLP

Of course, equation[1 cannot be used directly, simply
becauseit's not possiblein generalto manipulate linear
forms on arbitrary vectorial spaces. In this paper, we
consider only functional inputs, more precisely X is a
LP( ) space,i.era set of measurablefunctions f from R"
to R such that jfj°Pd < 1, where isa nite positive
Borel measureon R" (it's the obsenation measure, see
following subsection). In this case,we know that asubse?
of the dual of LP( ) canbeidentied to L9 ), whereqis
the conjugate exponert of p. Therefore, we can simplify
weights which are no more linear forms but functions.

Equation 1 turns into:

4
aT b+ wgd ;
i=1

H(g) = )

where the a; are real numbers, as well as the by, and w;
are functions in L9( ).

C. Practical implementation

We still have two practical problems with equation 2:
it is not easyto manipulate functions (i.e., weights) and
we have only incomplete data (i.e., input functions are
known only thanks to nite setsof input/output pairs).

The rst problem can be solved by embedding nu-
merical function approximators into generalizedneurons.
More precisely for eath weight we can use a parametric
regressor,i.e., a function F from W R" to R, where
W is a compact subsetof Ri. F is assumedto be eas-
ily computable. By adjusting numerical parameters,i.e.,
by choosingw 2 W, we can modify the weight function
F (w;:). It is possiblefor instanceto usea numerical MLP
for eat parametric regressor,but it's not mandatory (B-
splines as well as trigonometric seriescan be interesting
candidates).

Equation [2/turns now into:

z

H(g,w) = aT b+
i=1

Fi(wi;x)g(x)d (x) 5 (3)

where the a are real numbers, as well as the b, and
w =
dimensional space)for parametric regressors.

The secondproblem is partly solved thanks to the ob-
senation measure Indeed, ead input function is in
general only known at a nite number of measuremen
points. We assumethat those measuremenh points are
independert identically distributed random variables (de-
ned on a probability spaceP) and we denote Py the

2In fact, if p< 1 LY9( ) can be exactly identied to the dual of
LP( ), whereasL( ) canonly beidentied to a strict subset of the
dual of L1 ().

probability measureinduced on R" by thoserandom vari-
ables. This obsenation measure weights measuremen
points and it seemstherefore natural to consider that

= Px .

If we denote (X)12n the sequenceof random variables
assciated to measuremetn points for function g, the exact
output for the functional MLP proposedby equation[3 is
replacedby the following sequenceof random variables:

I

Xk 1 X0
Bgw)™ = aT b+~ Fw:X)gX) ;@
i=1 I=1
where internal sumsare approximations of:
z
E(Fi(wi; X)g(X)) = Fi(w;;x)g(x)dPx (x); (5)

if we denote X = X;.

D. Training

There is one practical problem left: how to train a
functional MLP? We propose as for numerical MLP to
rely on gradient based algorithms. Therefore, we need
to be able to compute the derivative of the output of a
generalizedneuron with respect to its parameters. Un-
der regularity ggsumptions,derivating the mapping w 7!
Uw)=T b+ F(w;:)gd isnot aproblem. Indeed, if
we assumethe partial derivative & exists -almost ev-
erywhere, is measurableand is dominated by a positive
function of L9( ), then the dierential of U is given by:

du(w) = ,

T be Fwied e igd () (6)
To compute the dierential of the modeling error made
by a functional MLP, we needto apply an extendedbadk-
propagation which is described in [4]. For simple network
architecture such as the MLP one, the extended back-
propagation simply adapts classicalformulae to the case
of arbitrary neuronsfor which the di erential of the out-
put with respectto the numerical parameterscanbe com-
puted: we are exactly in this case.

I11. Theoretical resul ts

A. Universal approximation

One of the most important properties ful lled by MLP
is the universal approximation property: given a su -
ciertly regular function and a requested approximation
precision, there existsan onehidden layer perceptronthat
computesa function which approximates the given func-
tion to the requestedprecision (see[5] for one of the rst
results about universalapproximation). In [3], M. Stinch-
combe extends universal approximation results to a very
broad classof MLP, including MLP on almost arbitrary
input spaces.The only practical drawbadk of thoseresults



is that they usevery generalhypotheseson approximation
of linear forms on generalvectorial spaceswhich are quite
technical. In this section, we proposea simplied corol-
lary of M. Stinchcombe's results which shows that our
proposedmodel is an universal approximator.

Corollary 1. Letl p 1 bean arbitrary real number
and q be the conjugate expnent of p. Let be a nite

positive Borel measure on R". If p= 1, is additionally
assumel compactly supported. Let M be a subsetof L9( )
either that is densein L9( ) whenp > 1 or that contains
a set which is uniformly denseon compacta in C(R";R)
whenp= 1. Let T be a measurable function from R to R
that is non polynomial and Riemann integrable on some
compact interval (not reduced to one point) of R.

Let K be a compact subsetLP( ) andf be a continuous
function from K to R. Then for each > 0, there is
a functional MLP that computesg from K to R so that
jif  dix < . The functional MLP usesT as activation
function and elementsof M as weight functions.

Proof: SeesectionVI. [ |
In practical situation, M is obtained thanks to paramet-
ric regressors.In particular, approximation results given
by [6], [7], [3] allow to use numerical MLP to realize M
for any p. The practical consequenceof corollary (1 is
that given a continuous function from a compact subset
of a functional spaceto R and a requested approxima-
tion precision, there is a functional MLP based on em-
bedded numerical MLP (or on other parametric regres-
sors) that computes an approximation of the proposed
function within the requestedprecision. The quite unex-
pectedthing is that the approximating MLP usesa nite
number of parameters despite the in nite dimension of
the input space.

B. Consistency

As explainedin subsectionlI-C, input functions arerep-
reserted in generalby a nite set of input/output pairs.
Moreover, we have only a limited number of input ex-
amples. The problem is that when we estimate optimal
parameters for a functional MLP using those limited in-
formation, we have no a priori reasonto believe that the
obtained parametersare correct approximation of the real
optimal parameterswhich could be theoretically obtained
if we had a complete knowledge.

This consistency problem has been assessedn [8] for
numerical MLP. Unfortunately, results of [8] cannot be
applied to our problem for two reasons: rst, they explic-
itly ask to the MLP input to belongto a nite dimen-
sional vector space; second,we have two approximation
problemsrather than one (we have limited inputs, but we
have also a limited knowledgeon ead input).

On the mathematical point of view, our problem can
be formalized as follows. We want to compute optimal
parameters for an approximation task. For a given in-
put function g, we know a desiredoutput y 2 R (exten-

sionto R!' is straightforward). We can usefor instance a
quadratic error, that is wewant to minimize (H (g; w) y)?
for all g. Theoretically, we can describe examplefunctions
and desiredoutputs asindependert identically distributed
realization of a sequenceof random elemerts (G/; Y1)j2n
de ned on a probability spaceP. With this model,\true"
optimal parametersfor a functional MLP are minimizers
of error expectation, i.e.:

(W)= E (HGw) Y)*; 7
where we denote G = G! and Y = Y!. Of course,other
error measuresanbe used,but we always end up with the
expectation of the cost for one example. Unfortunately,
(w) cannot be exactly computed and is replaced by the
following estimation (which is a random variable):

1 X
Oy (w) = =
n

nj:l

(H(G;w) Y1) ®)
Moreover, H cannot be exactly computed but is replaced
by a nite sampleestimation (which is alsoa random vari-

able, seesectionlI-C). Therefore,we canonly manipulate
the following quartit y:

X ,
brw) = =7 (@ W™ Y)E (@)
j=1

wherem = infy ; » mi . Let us call W' a minimizer of

bnm (w) and W the set of minimizers of (w). Estimated
optimal parameters are realization of Ww)', whereastrue
optimal parametersbelongto W . We have the following
theorem:

Theorem 1. Under regularity assumptionson H and the
cost function, we have:

lim lim d(w;W )=0 Px as: (20)
n'l m!l

Proof: Proofisagainomitted dueto sizeconstraints.
It canbe found in [9]. [ |
Regularity assumptionson H are very technical (see[9]
for details), but can be summarized as follows: the error
for one example, e.g., d(g;w;y) = (H(g;w) y)? must
be continuous with respect to the parameters and mea-
surable with respect to the obsenations (input and out-
put). Moreover, d(:;w;:) hasto be dominated uniformly
on the parameter spaceby an integrable function. Simi-
lar conditions must be satis ed by embedded parametric
regressors.Traditional sigmoid basedMLP satisfy all the
requestedproperties.

Becauseof the simplied presenation proposed here,
an important fact might remain hidden: the consistency
theorem doesnot requestan uniform knowledgefor eath
input function. The number of evaluation points and their
position can depend on the input function. The only re-
quirement is that evaluation points are independen iden-
tically distributed random variables.



The proposedtheoremis a generalizationof consistency
results to functional MLP. The practical meaningis quite
simple: optimal parameters estimated from limited data
are consistert approximation of real optimal parameters,
in the precisesensethat the more data we have, the closer
the estimated parametersare to the optimal ones.

IV. Simulation resul ts

We presert in this section simulation results basedon
arti cial data.

A. Function discrimination

We have tried our model on a simple discrimination
problem: we askto a functional MLP to classifyfunctions
into classes. Example of the rst classare functions of
the form f4(x) = sin(2 (x d)), whereasfunction of the
secondclasshave the generalform gq(x) = sin(4 (x d)).

For eath classwe generateexampleinput functions ac-
cording to the following procedure:

1. d is randomly chosenuniformly in [O; 1]

2. 25 measuremenm points are randomly chosenuniformly
in [0; 1]

3. we add a centered Gaussian noise with 0.7 standard
deviation to the corresponding outputs

class one: d=0.331904 ——
class two: d=-0.155141 ----—-

2 L L L L
0 0.2 0.4 0.6 0.8 1

Fig. 1
Examples of smooth cur ves

Figure[1give an exampleof both classewithout the noise,
whereas gure 2 givesthe corresponding actual data.

Training is done thanks to a conjugate gradient algo-
rithm and usesearly stopping: we used 100 training ex-
amples (50 of eadh class), 100 validation examples(50 of
ead class) and 300 test examples (150 for ead class).
Using 3 hidden functional neurons, we achieved 94.4 %
recognition rate. Each functional neuron is built using
4 cubic B-splines certered at regularly spacedpoints in
[0; 1] (we have therefore 4 real parametersto which we
add onethreshold). The functional MLP usestherefore a
total of 19 numerical parameters.

class one: d=0.331904 ——
class two: d=-0.155141 -

2 L L L L
0 0.2 0.4 0.6 0.8 1

Fig. 2
data for curve classifica tion

Examples of actual

We have comparedthe functional MLP approadc to a
numerical approach. It is obviously not possibleto use
directly functional data asan input to a numerical MLP,
especially becauseevaluation points depend on the func-
tion. The simplest way to transform functions in a nite
number of values is to use averaging. For this experi-
ment, we have divided [0; 1] in four sub-intervals and we
have transformed a function into four values: the mean of
the function on ead sub-interval. We have submitted the
obtained data to a numerical MLP with 3 hidden neurons
(using therefore 19 numerical parameters). The MLP has
beentrained exactly as the functional ones (using early
stopping and with identical training setsup to the recod-
ing). After training, we obtain 94.7% recognition rate,
which is slightly better than the functional MLP.

We have conducted other similar experiments, with
dierent functional generator (for instance fg4(x) =
sin(4 (x d)) and gq(x) = sin(6 (x d))). The general
behavior is always the same: functional and numerical
MLP obtain similar performances. There is no obvious
winner. We have preserted a simulation in which numer-
ical MLP give slightly better results, but for other input
functions, the cortrary is true.

Results of this experiment are a little bit disappoint-
ing, becausethe functional MLP doesnot outperform the
numerical one. The main explanation is that the aver-
aging strategy is quite well adapted to the data. With
low dimensional input spacefor the studied functions, it
is quite obvious that this kind of averaging strategy will
give a correct represeration of the function. When we
use higher dimensional input spaces,the number of eval-
uation points neededto achieve a correct represeration
by a simple averagingtechnique is too important. As the
next experiment will show, functional MLP will not su er
too much from this low volume of data.



T T
inonecircle e
outside circles o

0.6 -

0.4

02

Fig. 3
Examples of cir cle data with five cir cles (11111)

B. Circle counting

We havetried functional MLP on another di cult task.
We de ne v e small circles in the plane (radius is 0:1).
Centers are uniformly spacedon a bigger circle (radius
is 0:3). The v e circles are represeried on gure 3| We
generatean input function as follows:

1. We rst chooseuniformly an integer from [0; 31]. The
binary represenation of this number, byl bybshy, is used
asthe desiredoutput for the currently generatedinput (we
have therefore v e output units). Moreover, ead digit in
the binary represeration correspondsto a circle.

2. Then we choose200 measuremem points uniformly in
[0;1] [O; 1]. The output of the function at a given point
is always 0O if the point falls out of the v e small circles. If
the point falls in small circle number i, the output of the
function is by. For instance, gure 3 is an obsenation of
the input function for 11111= 31and gure |4 corresponds
to 11010= 26.

The goal of the functional MLP is to assaiate the func-
tion to the generating number translated into its binary

represeration. We have useembeddedMLP to represert

weight functions. Experiments have beenconducted with

100input functions for the training setaswell as 100in-

put functions for the validation set. Final performances
(after early stopping) were calculated on a test set with

300 examples. The following table summarizes experi-
ments. Mean squareerror and recognition rate have been
calculated on the test set. The recognition is obtained
by thresholding the output neuronsto 1 if the output is
greater than 0:5, and to 0 on the contrary.
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Fig. 4
Examples of cir cle data with three cir cles (11010
hidden hidden weight mean | recognition
functional | numerical | number | square| rate
neurons neurons error
5 1 60 0.071 | 92%
6 1 71 0.059 | 97%
5 3 100 0.016 | 100%

We have tried to submit those data to a numerical MLP.
As in the previous experiment, the simplest choice is to
replacethe sampledata by averageperformed on a xed

grid (more sophisticated proceduresmight be used,asex-
plained below). To do this, we have divided the square
[0;1] [O;1]intor r regular sub-squares.We usea MLP

with r? inputs. Each input is the averageoutput value
of the example function on the consideredsquare. For in-
stancewith the functional input data represeried in gure

[4, we obtain the following reducedinput data (for r = 4):

x2 [0 3 | x2 320 | x2[2:3[ | x2(3:1]
y 2 [0; 3] 0 0 0.37 0.14
y2 (33 0 0 0 0
y2(L,3| 045 | 024 | 0056 0
y2[3:1] 0 0.077 0.36 0

The desiredoutput is encaded as for the functional MLP
by 5 output units. We obtain the following results (train-
ing setsare identical for both methods):

r hidden weight mean | recognition
neurons number | square| rate
error
3 5 80 0.053 | 94%
4 5 115 0.013 | 99%




Thoseexperimernts clearly shown that numerical MLP need
more weights than functional MLP to achieve similar re-
sults. We think that the power of functional MLP comes
from the fact it can adapt its averaging model to the
data, whereasit hasto be xed before training to pro-
duce good results with numerical MLP. It would have
beensimple to chosea more adapted averaging strategy
for the studied caseand therefore to increasenumerical
MLP performances. But this kind of specialized averag-
ing is possibleonly with a very good understanding of the
data, whereasfunctional MLP have beenapplied without

any data drivenmodi cation. A completecomparisonbe-
tweendata driven averaging strategiesas a preprocessing
stage before numerical MLP processingon the one hand,
and functional MLP on the other hand, is currently our
main focus, especially when the input dimensionis high.

V. Conclusion

In this paper, we have introduced Functional Multi
Layer Perceptrons (FMLP), a simple extension of MLP
to functional data. The proposedmodel is very interest-
ing on a theoretical point view becauseit shareswith its
numerical counterpart useful properties.

We have indeed shovn that FMLP are universal ap-
proximators, that is they can approximate continuous
mappings from a compact subset of a functional space
to R with arbitrary precision. For a given function to ap-
proximate to a given accuracy the approximating FMLP
usesa nite number of numerical parameters.

Moreover, we have shown that parameter estimation
for FMLP is consistert: optimal parameters estimated
thanks to a nite number of functions known at a nite
number of measuremen points cornvergeto the set of true
optimal parameterswhen the size of the data increases.

We have shavn on simulated data that FMLP perform
in a very satisfactory way. In high dimensional input
spaces,even if a numerical MLP approad is possible, it
will use more parametersthan the corresponding FMLP.
More investigation is neverthelessneededto establishthe
practical possibilities of Functional MLP, especially ex-
periment involving real data. Comparison with sophis-
ticated preprocessingtechniques assaiated to numerical
MLP will be very interesting, becausewe think FMLP
are a way to integrate the preprocessingoptimization di-
rectly in the MLP optimization and thereforeto avoid an
explicit de nition of this preprocessingphase.

VI. Proof of corollar y1

Dues to space constraints, we give only a sketch of
proof. The complete proof can be found in [9].

We denotgAw the set of linear forms on LP( ) of the
form I(f) = fgd , whereg2 M. We have to consider
three cases:

1. 1< p< 1:then, L9 ) canbeidentied to the dual of
LP( ). As M is densein LY9( ), Au is densein (LP( ))
for the weak- topology. According to [7], hypotheseson

T imply hypotheseson the generalizedMLP activation
function neededby corollary 5.1.3 of [3]. Density of Ay
is the other requestedproperty of this corollary which can
therefore by applied to conclude that we have universal
approximation.

2.p = 1: this caseis slightly more technical. Basi-
cally, we needto prove that the set of functions de ned
onL! ()byl(f)= + fgd ,whereg2 M, separates
points in K. That is, given two functions f; and f, from
K, we have to prove that there is a function | suc that
[(f1) 6 I(f2). Wedo this by approximating the character-
istic function of the setH* = fx 2 R" j f1(x) > f2(x)g
(is H* aszeromeasure,we swap f; and f,). This func-
tion is approximated by a function from M thanks to the
density assumption. When the separation property has
been established, we apply theorem 5.1 of [3] which im-
plies universal approximation.

3. p= 1: we prove that Ay is densein (LP( )) for the
weak- topology and using the identi cation of this dual
to L' (). To do this, we rst approximate a function
in LY () by a compactly supported cortin uous function
thanks Lusin theorem (e.g. [10]). Then we approximate
this function on the support of by an elemerni of M
thanks to the hypothesis. Conclusion is again obtained
thanks to corollary 5.1.3 of [3].

It is interesting to note that additional hypothesis on
are neededfor p = 1 becausét's not possiblein generalto
approximate functions (even regular) on R" for the uni-
form norm with traditional tools(such asMLP or splines).
This kind of non-approximation results is studied in [3].
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