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Abstract . Functional data analysis is a growing research ¯eld and nu-
merous works present a generalization of the classical statistical methods
to function classi¯cation or regression. In this paper, we focuson the prob-
lem of using Support Vector Machines (SVMs) for curve discrimination.
We recall that important theoretical results for SVMs apply in functional
space and propose simple functional kernels that take advantage of the
nature of the data. Those kernels are illustrated on a spectrometric real
world benchmark.

1 In tro duction

In many real-world applications, data should be consideredas discretized func-
tions rather than as standard vectors. In these applications, each observation
correspondsto a mapping betweensomeconditions (that might be implicit) and
the observed response. A well studied example of those functional data [1] is
given by spectrometric data (seesection 5): each spectrum is a mapping that
associatesan response(an absorbancefor instance) to a light with a given wave-
length. Other natural examplescan be found in meteorological problems (for
instancegeographicmappingsbetweencoordinatesand local weatherconditions)
and more generally in multiple time seriesanalysis where each observation is a
complete time series.

The goal of Functional Data Analysis (FDA) is to use in data analysis al-
gorithms the fact that the studied data are discretized functions. Many data
analysis methods have been adapted to functions (see [1] for a comprehensive
review of linear methods).

In the present paper, we adapt Support Vector Machines (SVM, see e.g.
[2, 3]) to functional data classi¯cation. The paper is organizedasfollows. Section
2 presents the Functional Data Analysis and explains why it usually leads to
particular problems, section 3 presents the theoretical SVM for functional data,
section4 explains what kind of problems involve in practice functional data and
proposessolutions to overcomethem and ¯nally , section5 illustrate the proposed
approach on a real world benchmark.
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2 Functional Data Analysis

2.1 Functional Data

To simplify the presentation, this article focuseson functional data for which
each observation is described by one real valued function. Extension to the case
of several real valued functions is straightforward. More formally, if ¹ denotes
a ¯nite positive Borel measureon R, an observation is an element of L 2(¹ ) the
Hilb ert spaceof squareintegrable real valued functions de¯ned on R. The inner
product in L 2(¹ ) is denoted h:; :i and is given by hf ; gi =

R
f gd¹ .

Our goal is to classify functional data into prede¯ned classes. We assume
given a learning set, i.e. N examples(x1; y1); : : : ; (xN ; yN ) which are i.i.d. real-
izations of the random variable pair (X ; Y ) where X has valuesin L 2(¹ ) and Y
in f¡ 1; 1g, i.e. Y is the classlabel for X which is the functional data.

2.2 Data analysis metho ds for functional data

Most of the theoretical and practical di±culties in FDA are linked to the fact
that L 2(¹ ) is an in¯nite dimensional vector space. As a consequence,some
simple problems in Rd becomeill-p osedin L 2(¹ ), even on a theoretical point of
view.

Let us considerfor instancethe linear regressionmodel in which a real valued
target variable U is modeled by E(UjX ) = H (X ) where H is a linear continu-
ous operator de¯ned on the input space(L 2(¹ ) for FDA). When X has values
in Rd, H can be easily estimated thanks to least square methods that lead to
the inversion of the covariancematrix of X . In practice, problemsmight appear
when d is not small compared to N the number of available examplesand reg-
ularization techniques can be used (e.g., ridge regression). When X has values
in a functional space,the problem is ill-p osedbecausethe covariance operator
of X is not one-to-onein general and even in particular caseswere it is, it has
no continuous inverse(see[4]).

To overcomethe in¯nite dimensional problem, most of FDA methods so far
have been constructed thanks to two general principles: either use representa-
tion methods that allow to work in ¯nite dimension, or intro duce regularization
constraints that have comparabledimension reduction e®ects(see[1]). For ex-
ample, [4] and [5]) develop functional models for linear regression. In the same
way, lot of data analysisalgorithms have beensuccessfullyadapted to functional
data. This is the case,for instance, of most neural network models ([6, 7, 8, 9]).

3 Supp ort Vector Mac hines for FD A

3.1 Large Margin Linear discrimination

The most basic SVM is an a±ne discrimination function with maximal margin.
When the studied data are linearly separable,the parameters(w; b) of the SVM



are obtained by solving the following quadratic programming problem:

(P0) min
w;b

hw; wi ; subject to yi (hw; x i i + b) ¸ 1; 1 · i · N :

In L 2(¹ ), (P0) has always a solution, as long as input functions are in general
position (i.e., spana N dimensionalsubspaceof L 2(¹ )). It might seemtherefore
that neither soft margin SVM, nor non linear kernel are neededfor functional
data. In practice however, it is well known, seee.g. [10], that the solution of
(P0) in high dimensional spacesis not adequate: someregularization is needed
to obtain good generalization. Therefore, (P0) is replaced by its soft margin
version, i.e., by the problem:

(PC ) minw;b;»hw; wi + C
P N

i =1 »i ;
subject to yi (hw; x i i + b) ¸ 1 ¡ »i ; 1 · i · N ;

»i ¸ 0; 1 · i · N :

3.2 Theoretical prop erties

The use of an in¯nite dimensional spacein both problems might seemrelated
to what is done in generalwhen original data are not linearly separableand are
therefore mapped into a high dimensional feature spaceby the use of a kernel:
for some of them (e.g., the gaussian RBF kernel), this feature space has an
in¯nite dimension. But in this case,it is a Reproducing Kernel Hilb ert Space
(RKHS) and has therefore someregularity properties.

In the consideredsetting, the original data space is L 2(¹ ) which is not a
RKHS. Nevertheless,the most important properties of SVM are still satis¯ed.
First of all, it is possible to replace the optimization problem (PC ) by a dual
problem (DC ) in which only dot products in the feature spaceare needed(see
[11]):

(DC ) max®
P N

i =1 ®i ¡
P N

i =1

P N
j =1 ®i ®j yi yj hx i ; x j i ;

subject to
P N

i =1 ®i yi = 0;
0 · ®i · C; 1 · i · N :

The advantage of using (DC ) rather than (PC ) is obvious: the former is solved
in RN , whereasthe latter is solved in L 2(¹ ). It is obviously much simpler to
calculate approximate integrals (by quadrature or Monte Carlo methods) than
to implement of constrained optimization in L 2(¹ ). In (DC ), it also appears
clearly that the usual dot product of L 2(¹ ) can be replaced by any positive
kernel de¯ned on L 2(¹ ) (seesection 4.2 for functional kernels).

Another important theoretical result for SVM is that looking for a large mar-
gin classi¯er provides good generalization properties for the obtained classi¯er.
More precisely, the generalization performancesof a SVM can be bounded by a
quantit y which is related to the margin, to the sizeof the training set and to the
radius of the smallest ball containing all the training set (see theorem 4.18 in
[3]). A very interesting point of this result is that it applies to any inner space
product and therefore in particular to L 2(¹ ).



4 Functional data in practice

4.1 Observ ations

In practice, the functions (x i )1· i · N are never perfectly known. The best situa-
tion is the one in which d discretization points have beenchosenin R, (t k )1· k · d

and each function x i is described by a vector of Rd, (x i (t1); : : : ; x i (td)) . In this
situation, it might be tempting to apply standard data analysis methods on
Rd vectors, but as explained in Section 3.1, this usually leads to bad solutions
becaused might be bigger than N and the variables are highly correlated. As
we already said, the useof regularization and of special kernels,which take ad-
vantage of the function structures underline in this Rd vectors, can prevent this
problem.

Furthermore, in some application domains, especially medical ones (e.g.,
[12]), each function is in general badly sampled: the number and the location
of discretization points depend on the function and therefore a simple vector
model is not anymore possible. A possible solution consists in constructing a
approximation of x i basedon its observation values (thanks to e.g., B-splines)
and then to work with the reconstructed functions (see[1, 9] for details).

4.2 Using the functional nature of the data

In the simplest situation (uniform discretization), data might simply be consid-
ered as vectors in Rd and standard SVM processingof those vectors could be
used. Even in this situation, it is interesting to design functional kernels that
usethe functional nature of the data.

As explained in section 3, the linear kernel corresponds to the inner product
in L 2(¹ ) which can be easily implemented or even approximated by the scalar
product in Rd if the discretization is uniform. The Gaussiankernel is basedon
the euclidean norm in the data spaceand therefore also applies to functional
data, again thanks to an approximate calculation of distancesin L 2(¹ ). In fact
every kernel that is de¯ned using the Hilb ert structure of Rd can be readily
implemented in L 2(¹ ), either directly becausethe discretization is uniform or
thanks to function approximation method.

Another way to de¯ne functional kernel is to usea functional pre-processing
combined with a standard kernel. An interesting possibility is o®eredby deriva-
tion operators if the consideredfunctions are smooth enough (in some cases,
the corresponding functional spaceis a RKHS). Using an adapted function ap-
proximation method (such as a B-spline expansion), an estimation of x (q) , the
q-th derivative of x, can be obtained (even if the discretization is not uniform).
Then any kernel can be usedon the derivatives. This method allows to focuson
someparticular aspects of the underlying functions, such as the curvature for
the secondderivative. It is well known that in someapplication domain such as
spectrometry, such kind of features might be more interesting than the original
curves.



5 Application

We study in this section spectrometric data from food industry 1. Each observa-
tion is the near infrared absorbancespectrum of a meat sample(¯nely chopped),
recordedon a Tecator Infratec Food and FeedAnalyser (we have 215 spectra).
More precisely, an observation consistsin a 100channel spectrum of absorbances
in the wavelength range 850{1050nm (see¯gure 1). The classi¯cation problem
consists in separating meat sampleswith a high fat content (more than 20%)
from sampleswith a low fat content (less than 20%). The data set is split into
120 spectra for learning and 95 spectra for testing. Meta-parameters (C for the
soft margin and ¾for the Gaussiankernel) of the SVMs have beendetermined
by a 10-fold crossvalidation procedure.
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Fig. 1: Spectra for both classes

The problem is used to comparestandard kernels (linear and Gaussianker-
nels) to a derivative basedkernel. It appears on ¯gure 1 that high fat content
spectra have sometimestwo local maximum rather than one: we have therefore
decidedto focuson the curvature of the spectra, i.e., to usethe secondderivative.

The following table givesthe performancesof the consideredmethods :

Kernel Learning set error rate Test set error rate
Linear 0.83% 2.11%
Gaussian 0% 4.21%
Linear on secondderivativ es 0% 0%
Gaussian on secondderivativ es 0.83% 1.05%

The results show that the problem is not very di±cult as the worst perfor-
mances(4.21%) corresponds to 4 misclassi¯ed spectra among 95. Nevertheless,
it also appears that a functional transformation improvesthe results. The rela-
tiv ely bad performancesof the Gaussiankernel on plain data can be explained
by the fact that a direct comparisonof spectra basedon their L 2(¹ ) norm is in
generaldominated by the meanvalueof thosespectra which is not a good feature
for classi¯cation in spectrometric problems. The linear kernel is less sensitive
to this problem. In both cases,the useof a functional kernel intro ducesexpert
knowledge (i.e., curvature is a good feature for some spectrometric problems)
allows to overcomemost of the limitation of the original kernel.

1available on statlib: http://lib.stat.cmu.edu/datasets/tecator
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6 Conclusion

Support Vector Machines use frequently kernels that correspond to mapping
original data in an in¯nite dimensional vector space.While thesevector spaces
have speci¯c regularity properties, the most important properties of SVM (the
dual formulation of the optimization problem and the link between large mar-
gin and good generalization performances)are still valid in standard functional
spaces. In Functional Data Analysis, observations already live in a functional
spaceand therefore a plain linear kernel (i.e., the inner product of the func-
tional space)is enoughin theory to classify functional data if they are in general
position. In practice however, the use of adapted kernels is important to ob-
tain good performances. We have shown for instance on real world data that
functional transformations such as derivative calculation can improve the qual-
it y of classi¯cation by allowing the SVM to use more adapted features. The
performancesobtained are similar to the one reported in [8] and obtained in
comparable experimental settings. In [8] classi¯cation was made thanks to a
multi-la yer perceptron that necessitatesan order of magnitude more training
time than the SVM usedin the present paper. SVM appearstherefore as a very
competitiv e tool for function classi¯cation.
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