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Standard supervised learning

> X the “input” space and Y the “output” space
» D afixed and unknown distribution on X x
» a loss function /

> adataset D = ((X;, Y)));<jcy With D ~ DV

Combining models

» several models: g4, ..., gk, K functions from X' to

> can one define g from g4, ..., gk in order to get better
performances than with using only one of the gx?



Majority voting

A simple example

> V={-1,1}and l(p, t) = 1pz
> g(x) = argmaxycy {1 < k < K| gk(Xx) = y}| (majority voting)
> is g better than the gx?

Analysis

> (partially unrealistic) assumptions:

> VK, Ri(g) =p < 3

> the gk(x) are independent random variables (!)
> P(g(X) #Y) =P ({1 <k <K|gk(X) # Y} > %)
» Binomial random variable with parameter p and K

> p=0.45and K = 21: R(g) = 0.321
> p=0.3and K =21: R(g) = 0.0264



General behavior
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Risk of one model



To combine models
we need

» models with at least some predictive capabilities
» with independent errors

Bias variance decomposition

» another argument for model combination
» data point of view rather than model point of view:

> a unique learning algorithm
> several data sets

» but a similar conclusion

Ensemble methods
Techniques to combine models



General principles



Two main questions

Building an ensemble method

1. given K models, how to combine them efficiently?

2. given a data set and some learning strategies, how to produce K
models that have “independent” errors?



Combining models

Combination
> 01,...,0k, K functions from X to Y
» how to build g from gy, ..., gk?

» numerous solutions related to the nature of ) and to /

Linear combination
> for ) =R (or R9)
» define

K
g(x) =) wkgk(x)
k=1

» one could learn the (wk)1<k<k from the data but:

> risk of overfitting
» when there is no overfitting, the gain is small

> frequent solution wy = %



Discrete predictions

Discrete case
> when |Y| < oo
» majority voting

9(x) = argmax[{1 < k < K| gk(x) = y}|
yey

Binary case with score

» when Y = {—1,1} and gk(x) = sign(fx(x))
» linear combination

K
9(x) = sign (Z wkfk(x)>
k=1



Probabilities and more

Probabilities
» when |Y| < oo
> gk(y, x) estimates P(Y = y|X = x)
» weighted product (Z is a normalization constant)

g(y,x) = L

NI

K
T gx(y. )™
k=1

Numerous other solutions

» mostly based on the concept of generalized mean

» adapted to special cases such as ranking (or even unsupervised
settings)

» but in general, the mean, the uniform product or the majority
voting are sufficient


https://en.wikipedia.org/wiki/Generalized_mean

Building models

Diversity

> is mandatory!

» most learning algorithms are deterministic: same data = same
model
> two general solutions:
1. introduce some randomness in the algorithm (or leverage the natural
randomness of the algorithm)
2. run the same algorithm on modified data (randomly or
deterministically)



Data level diversity

Instance subsets
» each classifier is obtained on a “subset” of the data set
» Bagging: bootstrap sample
» Cross-validated committee: block decomposition

Feature subsets
» each classifier is obtained using only a subset of the features
» Random Subspace Method: as is
» Random Forests: combined with Bagging



Data level diversity

Weighted instances

» each classifier is obtained using a weighted version of the data set

» Boosting: sequential training where weights are increased for
badly predicted instances so far



Algorithmic level

Feature subsets
» when features are randomly selected repeatedly at different
stages of the algorithm
» Random Forests

Natural instability

» complex models with strong dependence to the random
initialization

> typical example: Neural networks

» could be forced further:

> ensemble training
> penalty for correlated prediction
» Negative Correlation Learning



Bagging and Random Forests



Bagging

Boostrap Aggregating

» Breiman (1996)

» simple and efficient

» consists simply in training models on bootstrap samples!

» adapted to models with high variance such as decision trees

Bagging and imbalanced data
> a bootstrap sample contains roughly 63.2% of the original data:
could induce serious balance issues
> stratified bootstrap must be used
» avoid balancing the data before the bagging



Out-of-bag estimate

Principle
» leverage the fact that a bootstrap sample contains only 63.2% of
the original data

» compute the prediction for a data point x using only the models for
which x was not in the bootstrap sample

Formal definition
» K bootstrap samples Dy, ..., Dk with associated models

91,59k
» O;: the set of indices k for each X; & Dy

» risk estimate (averaging case):

%(Gbag) = EN: (IO/ > g(Xi )

keO;



Increasing the diversity

Feature subsets

» the bootstrap might not induce enough diversity
» adding random subspace might also be insufficient

Random Forest

> bagging of trees
» |ocal random feature subsets
> tree growing:
> standard CART approach: chose the best variable among all the
variables
> random forests: chose the best variable among a random subset of
the variables

» no pruning



Random Forests

In practice

» one of the best state-of-the-art solution for classical data
> leverage the out-of-bag estimate (all in one solution)
> parallel computation of the trees

> classical parameters:

> at least 500 trees (a.k.a. bootstrap samples), depends on the
complexity of the data
> the “optimal” size of the subset of variables depends on several
aspects:
> highly correlated variables do not need a large subset (!)
> Breiman recommended to use P/3 for regression problems and +/P for
classification problems

> the parameters can (should) be optimized



Boosting
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Principle

» Freund and Schapire (AdaBoost 1997)
» sequential learning of an ensemble of models

> weight based variability: each model is obtained from the same
data set but with different weights

» weights emphasize badly predicted examples

Original AdaBoost

» classification Y = {—1,1} and I(p, t) = 1p4
> binary or score based models gi(x) = sign(fx(x))

21



AdaBoost

set wy ;= 1 forall i

fork=1to Kdo
learn gk on (X,-,Y,-)1§,-§N using the weights wy
compute e, = Z Wi, i1 g (x)2Y;
compute ay = § log =%
compute Wy, = Wk7,exp(—ozkY,'gk(X,-))
normalize the weights wi+

end for

final model g = sign (3", axgk)
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Data: Sonar
» sonar signal used to differentiate between rock (R) and mine (M)
> 208 observations with 60 numerical variables (X = R%%)
» we use only V11 and V16 for illustration
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https://archive.ics.uci.edu/ml/datasets/Connectionist+Bench+(Sonar,+Mines+vs.+Rocks)
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Example
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AdaBoost

set wy ;= 1 forall i

fork=1to Kdo
learn gk on (X,-,Y,-)1§,-§N using the weights wy
compute e, = Z Wi, i1 g (x)2Y;
compute ay = § log =%
compute Wy, = Wk7,exp(—ozkY,'gk(X,-))
normalize the weights wi+

end for

final model g = sign (3", axgk)
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Interpretation

Analysis

> ek = > Wkilg,(x,)»v,- Weighted empirical risk
> exp(—axYigk(X)):
> if Y; = gk(Xi), the prediction is correct and the weight is divided by

exp(ax)
> if Y; # gk(X)), the prediction is incorrect and the weight is multiplied

by exp(ax)

> explax) = /155

> no effect when gx is a bad model (i.e. when ¢ is close to %)
» strong effect when gy is a good model
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Additive models

Model
» an additive model has the form

K
g(x) = > Bef(x, %),
k=1

where f(.,~x) is a general parametric model (e.g. a tree)

» classical risk minimisation is complex (doable with respect to 5x
complex in general with respect to ~)

Sequential optimization

> h(X) = Xy B (X, 7m) (@ = k)

> h(X) = hk—1(X) + Brf(X,7k)

> optimize hy, fix its parameters, then optimize hy with respect to 5,
and v only, etc.

40



Exponential loss

Standard surrogate loss

> le(g(x),y) = e Y9
> upper convex approximation of the binary loss

Sequential optimization
> additive to multiplicative
lo(hk(X),y) = e Y100 =By f(x7)
= lo(hk_1(x), y)e*@kyf(xﬁk)

» empirical loss, with wy ; = 1N/e(hk,1(X,-),Y ) (and wy ; N)

R/e hk Z Wk e —BkYif(Xi,vk)
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Link with AdaBoost

Binary models

> (X, %) € {-1,1}
» therefore

e BrYif(Xive) — ek if f(Xi, ) = Yi
e if (X, ) £ Y,

» empirical loss

N N
R.(h) = e " Z Wi, + e Z Wk, i
f(Xj,vk)=Yi f(Xj,vk)#Yi
eﬂk e Bk ZWkllb :,’Yk +e ﬁkZWk’

where I, is the binary loss

42



Link with AdaBoost

Solving for

> both the weights wj ; and Sk are held constant
» then we have a standard (weighted) empirical risk minimization:

N
= 1
arg min A, (h) = arg min ; Wi ilo(F(Xi, %), Yi)

Solving for gk

» both the weights wy ; and ~, are held constant
> if we assume >, wx; = 1, then

L 1— ek
T2 3 €k

arg min I??,e(hk) = a,
Bk

with e = 14 wiilo(F(Xi, %), Y1)
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Link with AdaBoost

Weights
> w,; = 4 initial set

» update

Wit 1,i = le(hk(Xi), Yi),
_ Wk’ie*ﬁkvif(xh’Yk)’

— o Yif(X;,
— Wk,l'e Qg X ( I’Yk)7

using the optimal value for S

In summary

» AdaBoost is a form of sequential learning for
g(x) = K, Bkf(x, v«) with the exponential loss
> with independent optimisation of 5 and ~x
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Gradient Boosting

Generalization

» sequential learning of additive models
» arbitrary loss function

Steepest descent

» iterative minimization of /A?,(g):

1. start with some initial model gy
2. update the model following the steepest descent:

G+t = gk — PV RI(gK)
> leads to an additive model if VR(gx) is a function of the form
f(, )

» gradient boosting: approximate Vﬁ,(gk) with f(., vk)
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Gradient Boosting

In the following algorithm, /' is the derivative of the loss function / with
respect to the prediction
set go to the best constant function: go(x) = argminy >, I(y,Y))
fork =1to Kdo
compute ry ;i = —I"(gk—1(Xi), Yi)
learn fk on (X,’, rk,i)1§i§N
compute

o = Bl > Hgk—1(Xi) + phe(Xi), Yi)

set gk = gk—1 + pkfk
end for
final model gk
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Regularization

The case of trees
» one could use arbitrary trees for f
» tends to overfit and to slow down learning
» common practice: limit the complexity of the trees
» typical choices: between 4 and 10 leaves

General regularization

» size of the ensemble: K

» shrinkage: replace gk = gk_1 + pkfk bY 9k = 9k—1 + vpkfk (with
O<v<i)
» standard regularization terms (e.g. ridge like)
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In practice

» one of the best state-of-the-art solution for classical data
> very fast implementations such as XGBoost

» numerous practical tricks (e.g. including local random feature
subsets in tree growing)
> parameters:

» main one: size of the ensemble (K), must be tuned
» other parameters can be optimized (e.g., number of leaves) but with
less impact on the performances
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Other solutions
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Stacking

Main idea

» learning to combine models
» Stacked generalization (Wolpert, 1992):

» learn K models g1, ..., 0k
> learn a new model g using as data set

((91(Xi), .-, gr(Xi)), Yi) 1 <icn
» the final model is the composition of g1, ..., gk with g

Practical aspects

> to avoid massive overfitting the procedure leverages L fold cross
validation:

> ((91(X),--.,gx(Xi)),Y;) is computed by models learned on the
blocks that do not contain (X;, Y;)

> the g1,..., 9k are “relearned” on the full data set once g has been
built

» works best with continuous outputs (e.g. scores)
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Mixture of experts

Adaptive combination

» standard linear combination: g(x) = Z,’; Wi gk (X)
> data dependent combination: g(x) = S5, i (x)gk(x)

In practice

> (wi(x), ..., wk(x)) is a gating function: positive values, sum to
one
» global learning:

» emphasize task decomposition
» simple models and complex gating

> related to ensemble approaches but rather different philosophy
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In summary

Ensemble methods
» Random Forests
» Boosting

» pros and cons

+ state of the art performances

straightforward parallel implementation

efficient large scale implementations

adapted to mixed data

handle missing data

black box models

- high runtime compared to many other models

- high storage cost compared to many other models

o+ o+ o+ o+
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Licence

This work is licensed under a Creative Commons
Attribution-ShareAlike 4.0 International License.

http://creativecommons.org/licenses/by-sa/4.0/
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Version

Last git commit: 2021-01-19
By: Fabrice Rossi (Fabrice.Rossi@apiacoa.org)
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Changelog

» April 2018: initial version
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