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In the following exercises, if l is loss function and D a data set on X × Y, ŷ∗l (D) is the best value
according to the empirical risk based on l for a constant model, i.e.

ŷ∗l (D) = argmin
p∈Y

1

|D|
∑

(x,y)∈D

l(p,y)

Exercise 1

Prove that if Y = R and l2(p,t) = (p− t)2, then ŷ∗l2(D) =
1
|D|

∑
(x,y)∈D y. Hint: study the derivative of

R(p) = 1
|D|

∑
(x,y)∈D l2(p,y).

Solution

The derivative of R(p) is

R′(p) =
2

|D|
∑

(x,y)∈D

(p− y).

For p to be an extremum of R, R′(p) must be zero. R′(p) = 0 is equivalent to

0 =
2

|D|
∑

(x,y)∈D

p− 2

|D|
∑

(x,y)∈D

y

= 2p− 2

|D|
∑

(x,y)∈D

y

p =
1

|D|
∑

(x,y)∈D

y

In addition, R(p) is a convex function as the sum of convex functions (of the form 1
|D|(p− y)

2).
Thus R′(p) = 0 implies that p is the unique minimum of R(p) which concludes the proof.

Exercise 2

In this exercise, we assume that Y = {−1,1} and that l0(p,t) = 1p 6=t.

Question 1 Prove that ŷ∗l0(D) is the most frequent value of y in D.

Solution

For p ∈ Y, we have R(p) = 1
|D|

∑
(x,y)∈D 1p 6=y and thus R(p) is exactly 1

|D| times the number of y
in the data set that are different from p. Up to the multiplicative factor, it is also |D| minus the
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number of times p appears in the data set. Thus to minimise R(p) one has just to chose the p that
is the most frequent in the data set.

Question 2 Can the previous result be extended to arbitrary finite Y? What may happen more
frequently when |Y| is large than when |Y| is small (for a given data set size)?

Solution

The reasoning for the previous section applies readily to any finite Y and in fact event to an infinite
data set. However, the larger the output set, the higher the probability of getting a small number
of occurrences for each value y ∈ Y. Thus choosing the most frequent value might still produce a
large empirical risk and, in addition, many equivalent possible choice might be available.

Let lλ be the loss function defined by the following table

lλ(p,t)
t

−1 1

p
−1 0 λ
1 1 0

where λ > 0.

Question 3 Provide a simple characterisation of ŷ∗lλ(D).

Solution

Let us denote |D−1| the number of times y = −1 in the data set and |D1| the corresponding
quantity for y = 1. Using those notations, we have

1

|D|
∑

(x,y)∈D

lλ(−1,y) = λ
|D1|
|D|

,

1

|D|
∑

(x,y)∈D

lλ(1,y) =
|D−1|
|D|

,

and thus
1

|D|
∑

(x,y)∈D

lλ(−1,y)−
1

|D|
∑

(x,y)∈D

lλ(1,y) =
1

|D|
(λ |D1| − |D−1|) .

Therefore ŷ∗lλ(D) = −1 if and only if

λ |D1| ≤ |D−1| .

In intuitive terms, rather than choosing the most frequent label in the data set, we need to weight
the frequencies by the relative costs before comparing them. If λ > 1, then ŷ∗lλ(D) = −1 only if −1
is frequent enough to compensate for the “bonus” to 1 induced by the λ |D1| formula.

Exercise 3

In this exercise, we assume that Y = R, |D| = 2m+ 1 and all y from the data set are distinct (with
m ≥ 1). According, we sort them into y1 < y2 < . . . < y2m+1. We use the absolute loss function, i.e.
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l1(p,t) = |p− t|. The objective of the exercise is to prove that ŷ∗l1(D) = ym+1, that is the median of the
(yk)1≤k≤2m+1.

We define R(p) =
∑2m+1

k=1 |p−yk|. It is obvious that any minimizer of R is equal to ŷ∗l1(D).

Solution
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Question 1 Give formulas with no absolute value for R(p) when p ≤ y1 and when p ≥ y2m+1.

Solution

If p ≤ y1, then for all k, |p− yk| = yk − p and therefore

R(p) =

2m+1∑
k=1

yk − (2m+ 1)p.

Symmetrically, when p ≥ y2m+1,

R(p) = (2m+ 1)p−
2m+1∑
k=1

yk.

Question 2 Prove that R(p) is decreasing on the interval [y1; y2].
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Solution

We have R(y1) =
∑2m+1

k=1 yk − (2m + 1)y1. For p ∈ [y1; y2], |p − y1| = p − y1 and for all k ≥ 2,
|p− yk| = yk − p. Thus on this interval

R(p) = p− y1 +
2m+1∑
k=2

yk − (2m− 1)p,

= −(2m− 2)p+
2m+1∑
k=2

yk − y1.

Then R′(p) = −(2m− 2) < 0 (because m > 1) and thus R is decreasing on the interval.

Question 3 Give a general formula without absolute value for R(p) when p ∈ [yl,yl+1], as well as on
]−∞,y1] and [y2m+1,∞[.

Solution

When p ∈ [yl,yl+1], we have

R(p) =

l∑
k=1

(p− yk) +
2m+1∑
k=l+1

(yk − p),

= (l − (2m+ 1− l))p+
2m+1∑
k=l+1

yk −
l∑

k=1

yk,

= (2l − 2m− 1)p+
2m+1∑
k=l+1

yk −
l∑

k=1

yk.

On ] − ∞,y1], R(p) =
∑2m+1

k=1 yk − (2m + 1)p (which is obviously decreasing). On [y2m+1,∞[,
R(p) = (2m+ 1)p−

∑2m+1
k=1 yk (which is obviously increasing).

Question 4 Show that R is monotonous on intervals of the form [yl,yl+1], and on ] − ∞,y1] and
[y2m+1,∞[.

Solution

According to the formula above, when p ∈ [yl,yl+1], R′(p) = (2l − 2m− 1). Thus for l ≤ m, R(p)
is decreasing on [yl,yl+1] and for l ≥ m+ 1, R(p) is increasing on [yl,yl+1]. The special cases were
handled in the previous question.

Question 5 Use the previous results to conclude.

Solution

For l ≤ m, R(p) is decreasing on [yl,yl+1] and thus R(yl) > R(yl+1). Also R(p) > R(y1) for
p ∈]−∞,y1[. Thus on ]−∞,ym+1], the smallest value of R is achieved in ym+1.

Then for l ≥ m+1, R(p) is increasing on [yl,yl+1] and thus R(yl+1) > R(yl). Also R(p) > R(y2m+1)
for p ∈]y2m+1,∞[. Thus on [ym+1,∞[, the smallest value of R is achieved in ym+1.
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Question 6 Study the case when |D| = 2m, for m ≥ 1 with distinct values for all the y).

Solution

Most of the arguments above still apply. The major difference is that for p ∈ [ym; ym+1], we have

R(p) =

m∑
k=1

(p− yk) +
2m∑

k=m+1

(yk − p),

= (m−m)p+

2m∑
k=m+1

yk −
m∑
k=1

yk,

=

2m∑
k=m+1

yk −
m∑
k=1

yk.

Thus R is constant on [ym; ym+1]. Using the same arguments as above, we see that the smallest
value of R is achieved by all p in [ym; ym+1]. Be convention, we use as the median the middle of
this interval, a solution that enables to us to extend the result for an odd number of points to the
case of an even number of points.
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